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Learning Objectives

Winning & Proving Hybrid Games

rigorous reasoning for adversarial dynamics
compositional reasoning from compositional semantics
modular addition of adversarial dynamics
axiomatization of dGL

analytical&semantical interaction CPS semantics
discrete+continuous+adversarial align semantics&reasoning
fixpoints operational CPS effects
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© Semantical Considerations
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Differential Game Logic: Syntax

Definition (Hybrid game «)

o,f = x=e|?Q | X =f(x)&Q|aUB|a;8]|a*|af

Definition (dGL Formula P)

P,Q = eZél—!P|P/\Q|VXP|E]XP|<Oé>P|[O£]P
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Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition (Hybrid game «)
o,f = x=e|?2Q | X =f(x)&Q|aUB | ;8] a*|af

Definition (dGL Formula P)

P,Q = eZél—!P|P/\Q|VXP|E]XP|<C¥>P|[O¢]P

[

All Some
Reals Reals
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Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition (Hybrid game «)
o,f = x=e|?2Q | X =f(x)&Q|aUB | ;8] a*|af

Definition (dGL Formula P)
P,Q := e>é|-P|PAQ|VYxP|3IxP| (a)P | [o]P

[

All Some
Reals Reals
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Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition (Hybrid game «)
B = x=e|?7Q | X =f(x)&Q|aUB|a;B|a"]|al

Definition (dGL Formula P)
P,Q := e>é|-P|PAQ|VYxP|3IxP| (a)P | [o]P

[ 1|

All Some | |Angel
Reals Reals Wins
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Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition (Hybrid game «)
B = x=e|?7Q | X =f(x)&Q|aUB|a;B|a"]|al

Definition (dGL Formula P)
P,Q := e>é|-P|PAQ|VYxP|3IxP| (a)P | [o]P

[ L1 A

All Some | |Angel] |Demon
Reals Reals )} {Wins }J [ Wins

LFCPS/16 4 /28

André Platzer (CMU)


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition (Hybrid game «)
B = x=e|?7Q | X =f(x)&Q|aUB|a;B|a"]|al

Definition (dGL Formula P)
P,Q := e>é|-P|PAQ|VYxP|3IxP| (a)P | [o]P

[ L1 A

“Angel has Wings (01>”] All Some | |Angel] |Demon
Reals Reals )} {Wins }J [ Wins
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game «) [1:HG = (p(S) — p(S))

me(X) = {wes : Wil exy
Sw=f(x)(X) = {¢(0) € S: (r) € X for some ¢:[0, r] =S, ¢ |F x' = f(x)}
(X)) = [QINnX
Saup(X) = sa(X) Usa(X)
Sa;8(X) = <alss(X))
sar(X) = M{ZCSS : XU(Z2)C Z}
5ad(X) = (sa(XE))E

Definition (dGL Formula P) [[]: Fml = o(S)
[e1 > e] = {weS : wlea] >wle]}

[-P1 = ([PD)"

[PAQ] = [PIN[Q]
[Pl = <a(lP])
[llPl = da([PD)
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e., F ={(a)=P « [a]P.

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 5, (X) C 04(Y) forall X C Y

André Platzer (CMU) LFCPS/16 8 /28
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e., F ={(a)=P « [a]P.

Determined: At least one player wins: —(a)—=P — [a]|P so (a)=P V [a]P
Consistent: At most one player wins: [a]P — —(ca)=P so =([a]PA{a)—P)

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 5, (X) C 04(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e., F ={(a)=P « [a]P.

Proof Sketch.

saus(XE)F = (sa(XE) Ugs(XE)F = cu(XE)E N g5(XE)E = 84 (X) M 3(X) =
daup(X) O

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 5, (X) C 04(Y) forall X C Y

Proof Sketch.

e X C Y soXtDYlso(X0)De(Yh)so

5ad(X) = (a(XE)F C (sa(YE)E = Gua(Y).

W (X)=N{ZCS : XU(Z)CZ}C

o (Y)={Z<CS : YUc(Z)C Z} because X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e., F ={(a)=P « [a]P.

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 5, (X) C 04(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e., F ={(a)=P « [a]P.

Corollary (Axiom: Determinacy)
[] [e]P & =(a)=P

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 5, (X) C 04(Y) forall X C Y

Corollary (Rule: Monotonicity)

P—Q P—Q
@po@me M EPo e
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© Dynamic Axioms for Hybrid Games
@ Assignments
e Differential Equations
@ Challenge Games
@ Choice Games
@ Sequential Games
@ Dual Games
@ Example Proof: Demon's Choice
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Hybrid Game Axioms

Axiom (Assignment)

(=) x=ep(x) &

gx:e(X)
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Hybrid Game Axioms

Axiom (Assignment)

(=) (x:=e)p(x)  p(e)

gx:e(X)
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Hybrid Game Axioms

Axiom (Differential Equation)

() < =rf(x)p(x) (v'(1) = f(¥))

gx':f(x) (X)
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Hybrid Game Axioms

Axiom (Differential Equation)

() (< =F(x))p(x) ¢ Ft=0 (x:=y(t))p(x) (v'(1) = f(¥))

gx':f(x) (X)

André Platzer (CMU) LFCPS/16 10 / 28


http://lfcps.org/andre.html
http://doi.org/10.1145/2817824
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Hybrid Game Axioms

Axiom (Test / Challenge)
() QP &

s2q(X)

André Platzer (CMU) LFCPS/16 11 /28


http://lfcps.org/andre.html
http://doi.org/10.1145/2817824
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Hybrid Game Axioms

Axiom (Test / Challenge)
(7 QP+ QAP

s2q(X)
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Hybrid Game Axioms

Axiom (Choice Game)

(U) (aUB)P +

S, €

André Platzer (CMU) LFCPS/16 12 /28
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Hybrid Game Axioms

Axiom (Choice Game)

(U) (@aUp)P & (a)PV (B)P

S, €
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Hybrid Game Axioms

Axiom (Sequential Game)

() {BYP

Sa;8(X)
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Hybrid Game Axioms

Axiom (Sequential Game)

() (@i B)P < ()(B)P

Sa;8(X)
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Hybrid Game Axioms

Axiom (Dual Game)

André Platzer (CMU) LFCPS/16 14 /28


http://lfcps.org/andre.html
http://doi.org/10.1145/2817824
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Hybrid Game Axioms

Axiom (Dual Game)

() (a®)P & =(a)=P
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Example: Demon’s Choice Derives by Duality

F{aNp)P <
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Example: Demon’s Choice Derives by Duality

F{anNB)P < (a)P N (B)P
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Example: Demon’s Choice Derives by Duality

anp=(atupd)

Y (@ U B P & ()P A (B)P
F{anNBYP < (a)P A {(B)P
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Example: Demon’s Choice Derives by Duality

() (ah)P & ()P

TR S(@d U NP < ()P A (B)P
Y (@ U B P & ()P A (B)P
F{anNB)P < (a)P A (B)P
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Example: Demon’s Choice Derives by Duality

(U) {@UB)P & (a)PV (B)P

D S((a8)=P V (89)=P) & ()P A (B)P

TR S(@d U NP < ()P A (B)P

D (@ UBHYHP & ()P A (B)P
F{aNB)P < (a)P A {(B)P
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Example: Demon’s Choice Derives by Duality
(%) (a®)P & ~(a)=P

(=)= =P V =(B)==P) & ()P A (B)P
—((a®)=P Vv (84 =P) < (a)P A (B)P
—(ad U BH=P < (a)P A (B)P
(@ UBHYN)P < (a)PA(BP
{(anNB)P < (a)P A (B)P
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Example: Demon’s Choice Derives by Duality

F ()P A (B)P ¢ ()P A (B)P
| Fo(o{0)==PV~(3)==P) & {a)P A ()P
YE a((@h)=P vV (B9)-P) > ()P A (B)P
Y (@ U B P o ()P A (B)P
T (@UBHNP o ()P A B)P

)P
F{anp)P < (P A B)P

André Platzer (CMU) LFCPS/16 15/ 28


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Example: Demon’s Choice Derives by Duality

André Platzer

k

)PABIP < ()P A (BP

F {a )P
F({0)2oPV {B)~P) & ()P A (B)P
' (@) =PV (89)-P) < ()P A (B)P

(
Y E el B P & ()P A (AP
Y@ U P o (a)P A (5)P

)P
F{anp)P < (P A B)P

(CMU)
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Example: Demon’s Choice Derives by Duality

k

F{)PAB)P & ()P A (B)P

)P
F = (=(a)~=PV =(3)~=P) < ()P N (B)P
P

U (@) =P Vv (3)=P) & (a)P A (B)P

(
Y (et Uph)-P & ()P A (B)P
D (@ U BHHP o ()P A (B)P

)P
P
F{aNB)P < (a)P N (B)P

Derived axiom:
(M) {anB)P < ()P A(B)P

André Platzer (CMU)
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Example: Demon’s Choice Derives by Duality

I langlP &
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Example: Demon’s Choice Derives by Duality

U Jan BIP & [a]P V[B]P
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Example: Demon’s Choice Derives by Duality

[ [P & —{x)=-P

R A(an B)-P < [o]P V [B]P
U Jan BIP & [a]P V [B]P
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Example: Demon’s Choice Derives by Duality

(M) {anB)P < ()P A (B)P

F 2((a)=P A (B)=P) < [a]P V [B]P
R A(an B)-P < [o]P V [B]P
U Jan BIP & [a]P V [B]P
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Example: Demon’s Choice Derives by Duality

U o@)2P v (B)=P & [a] PV []P
F =({a)=P A (B)=P) < [o]P V [B]P

D w(an B)=P < [o]P V [B]P

I H [anBIP < [o]P V [B]P
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Example: Demon’s Choice Derives by Duality
[] [e]P > —{a)=P

F [o]P V [B]P < [o]P V [B]P

" F =(a)=P v =(8)=P < [a]P V [6]P
F =({a)=P A (B)=P) < [o]P V [B]P

D w(an B)=P < [o]P V [B]P

I H [anBIP < [o]P V [B]P

André Platzer (CMU) LFCPS/16 16 / 28
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Example: Demon’s Choice Derives by Duality

André Platzer (CMU)

F[a]P Vv [B]P < [o]P V [B]P
" F =(a)=P v =(8)=P < [a]P V [6]P
F =({a)=P A (B)=P) < [o]P V [B]P
D w(an B)=P < [o]P V [B]P
I H [anBIP < [o]P V [B]P
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Example: Demon’s Choice Derives by Duality

F [o]P V [B]P < [o]P V [B]P
" F =(a)=P v =(8)=P < [a]P V [6]P
F =({a)=P A (B)=P) < [o]P V [B]P
D w(an B)=P < [o]P V [B]P
I H [anBIP < [o]P V [B]P

Derived axioms:
[N] [a N BIP < [o]P V [B]P

(M) (@np)P < ()P A (B)P
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Differential Game Logic: Axiomatization

[] [a]P > ~{a)=P
(=) (x:=e)p(x) > p(e)

X' = f(x))p(x) ¢ 3t=0 (x := y(1))p(x)
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@ Proofs for Loops
@ Example Proof: Dual Filibuster
@ Example Proof: Push-around Cart
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Semantics of Repetition

Definition (Hybrid game )
ar(X)=HZCS : XUg(Z2)=2}

& (X) -+ a(X)
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Proofs for Loops

Definition (Hybrid game )
ar(X)={ZCS : XUg(Z2)CZ}
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Proofs for Loops

Definition (Hybrid game )
(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))
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Proofs for Loops

Definition (Hybrid game )

(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))

Lemma (Axiom: )
(") (@")P &
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Proofs for Loops

Definition (Hybrid game )
(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))

Lemma (Axiom: lteration)
(") (a*)P <> PV (a){a®)P
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Proofs for Loops

Definition (Hybrid game )
(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))

Lemma (Axiom: lteration)
(") (a*)P <> PV (a){a®)P

Lemma (Rule:

FP

(a*)P = @
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Proofs for Loops

Definition (Hybrid game )

(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))

Lemma (Axiom: lteration)
(") (a*)P <> PV (a){a®)P

Lemma (Rule: Least Fixpoint)
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Proofs for Loops

Definition (Hybrid game )
(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))

Lemma (Axiom: lteration)
(") (a*)P <> PV (a){a®)P

Lemma (Rule: Least Fixpoint)

PV{a)Q — Q
(a*)P = @

FP

Corollary (Derived Rule: )

loop

PSP
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Proofs for Loops

Definition (Hybrid game )
(X)) =N{ZCS : XUc(Z)C Z} Sar(X) = X U ca(6ar (X))

Lemma (Axiom: lteration)
(") (a*)P <> PV (a){a®)P

Lemma (Rule: Least Fixpoint)

PV{a)Q — Q
(a*)P = @

FP

Corollary (Derived Rule: Loop Invariant)
P — [a]P

/ [ N
P PSP
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Proofs for Loops

@ (X)=M{Z S : XUc(2) C 2} Gar (X) = X U salsar (X))

(a*)P <> PV (a)(a*)P

A Sk . [/S]AP[a]P
P = Q PSS PA ()P
F =PV (a)-P — —P
T (a)=P — =P
P — [a]P FP— =(a")-P
P — [a*]P P> [P
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Differential Game Logic: Axiomatization

P—Q
[ [a]P & ~{a)-P M 1P (]G
(=) (x:=¢e)p(x) < p(e) P PV {a)Q— Q
(a*)P = Q

X' = f(x))p(x) ¢ 3t=0 (x := y(1))p(x)

André Platzer (CMU) LFCPS/16 20 / 28


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

—
(]
s
(9]
>
=
"
“©
=}
)
G
o
o
el
o
2
o
S
T
X
LLl

“Dx=0F (x:=0Ux:=1)")x=0

21 / 28

LFCPS/16

André Platzer (CMU)


http://lfcps.org/andre.html
http://web.keymaeraX.org/show/games/dual-filibuster.kya
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Example Proof: Dual Filibuster

Ix=0F (x:=0Ux:=1)")x=0
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Example Proof: Dual Filibuster

.['] x=0F[x:=0Nx:=1]x=0
M x=0F[(x:=0Nx:=1)]x=0
“Dx=0F (x:==0Ux:=1)")x=0
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Example Proof: Dual Filibuster

<d>x=0|——|(x:=00x:=1>—|x=0
U x=0F[x:=0Nx:=1x=0

M x=0F[(x:=0Nx:=1)]x=0
Dx=0F (x:==0Ux:=1)")x=0
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Example Proof: Dual Filibuster

Wx=0F (x:=0Ux:=1)x=0
<d>x=0|——|(x:=Oﬁx:=1>—|x=O
U x=0F[x:=0Nx:=1x=0
M x=0F[(x:=0Nx:=1)]x=0
Dx=0F (x:==0Ux:=1)")x=0
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Example Proof: Dual Filibuster

Fx=0F (x:=0x =0V (x:=1)x =0
Mx=0F (x:=0Ux:=1)x=0
“Dx=0F —(x:=0Nx:=1)-x

U x=0F[x:=0Nx:=1]x =

"X =0F [(x:==0Nx:=1 ]X
<d>x=0|—<(x:=OUx:=1)X) =
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Example Proof: Dual Filibuster

Bx=0r0=0VvV1=0

Fx=0F (x:=0x=0V (x:=1)x =0
Mx=0F (x:=0Ux:=1)x=0
Dx=0F —(x:=0Nx:=1)-x

U x=0F[x:=0Nnx:=1]x =

"X =0F [(x:==0Nx:=1 ]X
<d>x=0|—<(x:=OUx:=1)X) =
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Example Proof: Dual Filibuster

*
Bx=0r0=0VvV1=0

Fx=0F (x:=0x=0V (x:=1)x =0
Mx=0F (x:=0Ux:=1)x=0
Dx=0F —(x:=0Nx:=1)-x

U x=0F[x:=0Nnx:=1]x =

"X =0F [(x:==0Nx:=1 ]X
<d>x=0|—<(x:=OUx:=1)X) =
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Example Proof: Push-around Cart

d a
D —

4

gk [((d:i=1nd:=-1);(a:=1Ua:=—1); {x'=v,V'=a+d}) |x>0
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Example Proof: Push-around Cart

U [(d=1nd:=-1);(a:=1Ua:=—1);{xX = v,V = a+ d}]J
gk [((d:=1nd:=-1);(a:=1Ua:=—1); {x'=v,V'=a+d}) |x>0

André Platzer (CMU) LFCPS/16 22 /28


http://lfcps.org/andre.html
http://web.keymaeraX.org/show/games/pusharound-cart.kya
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Example Proof: Push-around Cart

" JRd=1nd:=—1][(a:=1Ua:=—1);{x' = v,V = a+ d}]J
U (d=1nd:=-1);(a:=1Ua:=—1);{x = v,V = a+ d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, V'=a+d}) ]x>0
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Example Proof: Push-around Cart

VRWESETd:=1][(a:=1Uai=—1);{X =v,v =a+d}]JV[d:=—1]...
" JRdi=1nd:=—1][(a:=1Ua:=—1);{x' = v,V = a+ d}]J
U (d=1nd:=-1);(a:=1Ua:=—1);{x = v,V = a+ d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v,vV'=a+d}) ]x>0
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Example Proof: Push-around Cart

R di=1[(a:=1Ua:=-1);{xX = v,V = a+d}]J
VRWESHd=1][(a:=1Ua:=—1);{X =v,vV =a+d}JJV[d:=—1]...

" JRd=1nd:=—1][(a:=1Ua:=—1);{x' = v,V = a+ d}]J

I JR[(di=1nd:=-1);(a:=1Ua:=-1);{xX =v,v =a+d}]J

gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, vV'=a+d}) ]x>0
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Example Proof: Push-around Cart

I JR(ai=10a=—1);{xX =v,vV =a+1}]J

gk d=1)(a:=10a=—1);{X =v,vV =a+d}]J
RWESETd=1][(a:==1Ua:=-1);{xX = v,V =a+d}]JV[d:=—1]...

" Jr[di=1nd:=—1][(a:=10a:=-1);{x' =v,v =a+d}]J

I Jr[(d=1nd:=-1);(a:==1Ua:=—1);{xX =v,v = a+d}]J

gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, V'=a+d}) ]x>0
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Example Proof: Push-around Cart

W Jka=1Ua=—1]{x¥=v,v =a+1}]J
I JR(ai=10a=—1);{xX =v,vV =a+1}]J
gk d=1)(a:i=10a=—1);{X = v,V =a+d}]J

RWE R =1][(a:==1Uai=-1);{xX = v,V =a+d}]JV[d:=—1]...
" Jr[di=1nd:=—1][(a:=1U0a:=-1);{x' =v,v =a+d}]J
I Jr[(d=1nd:=-1);(a:==1Ua:=—1);{xX =v,v = a+d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, vV'=a+d}) ]x>0
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Example Proof: Push-around Cart

LR a=1{K = v,V =a+ 1} JUA[a=—1]{x¥ = v,V =a+1}]J
W Jka=1Ua=—1]{x¥=v,v =a+1}]J
I JR(ai=10a=—1);{xX =v,vV =a+1}]J
gk d=1)(a:i=10a=—1);{X = v,V =a+d}]J

RWE R =1][(a:==1Ua:=—-1);{xX = v,V =a+d}]JV[d:=—1]...
" Jr[di=1nd:=—1][(a:=1U0a:=-1);{x' =v,v =a+d}]J
I Jr[(d=1nd:=-1);(a:==1Ua:=-1);{xX =v,v = a+d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, V'=a+d}) ]x>0
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Example Proof: Push-around Cart
JEFX =v,V =14 1}JA[{X = v,V = -1+ 1}]J
LR a=1{K = v,V =a+ 1} JUA[a=—1]{x¥ = v,V =a+1}]J
W Jka=1Ua=—1]{x¥=v,v =a+1}]J
I JR(ai=10a=—1);{xX =v,vV =a+1}]J
gk d=1)(a:i=10a=—1);{X = v,V =a+d}]J
RWE R =1][(a:==1Ua:=—-1);{xX = v,V =a+d}]JV[d:=—1]...
" Jr[di=1nd:=—1][(a:=1U0a:=-1);{x' =v,v =a+d}]J
I Jr[(d=1nd:=-1);(a:==1Ua:=-1);{xX =v,v = a+d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, V'=a+d}) ]x>0
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Example Proof: Push-around Cart
JEFX =v,V =14 1}JA[{X = v,V = -1+ 1}]J
LR a=1{K = v,V =a+ 1} JUA[a=—1]{x¥ = v,V =a+1}]J
W Jka=1Ua=—1]{x¥=v,v =a+1}]J
I JR(ai=10a=—1);{xX =v,vV =a+1}]J
gk d=1)(a:i=10a=—1);{X = v,V =a+d}]J
RWE R =1][(a:==1Ua:=—-1);{xX = v,V =a+d}]JV[d:=—1]...
" Jr[di=1nd:=—1][(a:=1U0a:=-1);{x' =v,v =a+d}]J
I Jr[(d=1nd:=-1);(a:==1Ua:=-1);{xX =v,v = a+d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, V'=a+d}) ]x>0

JE >0 v>0
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Example Proof: Push-around Cart
JEFX =v,V =14 1}JA[{X = v,V = -1+ 1}]J
LR a=1{K = v,V =a+ 1} JUA[a=—1]{x¥ = v,V =a+1}]J
W Jka=1Ua=—1]{x¥=v,v =a+1}]J
I JR(ai=10a=—1);{xX =v,vV =a+1}]J
gk d=1)(a:i=10a=—1);{X = v,V =a+d}]J
RWE R =1][(a:==1Ua:=—-1);{xX = v,V =a+d}]JV[d:=—1]...
" Jr[di=1nd:=—1][(a:=1U0a:=-1);{x' =v,v =a+d}]J
I Jr[(d=1nd:=-1);(a:==1Ua:=-1);{xX =v,v = a+d}]J
gk [((d:=1Nnd:=-1);(a:=1Ua:=—1); {x'=v, V'=a+d}) ]x>0

x>0 A v>0F V>0 (x+vt+t2>0 A v+2t>0)
JE{X =v,v=1+1}]J

JE >0 v>0 (1=

x>0 A v>0t V>0 (x+vt>0 A v>0)
JE{x' =v,v =0}]J

[1[=]
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Example Proof: WALL-E and EVE Robot Dance .
C) ﬁ
e W
— YR
f & v

u

1D planet

(w—eP <1Av="Ff—

((u=1Nwu:=-1);
(g:=1Ug:=-1);
t:=0;

W=vvV=ue=Fff=gt=1&t<1}
)X> (w—e)?<1
EVE at e plays Angel's part controlling g
WALL-E at w plays Demon's part controlling u
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© Axiomatization
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Differential Game Logic: Axiomatization

P—Q
[ [a]P & ~{a)-P M 1P (]G
(=) (x:=¢e)p(x) < p(e) P PV {a)Q— Q
(a*)P = Q

X' = f(x))p(x) ¢ 3t=0 (x := y(1))p(x)
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X' =f(x)&Q X' =f(x);7(Q)
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Angel plays forward
revert flow,

Demon checks @
backwards
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Defining Evolution Domain Constraints

K =f()&Q=to=x0ix = f(x) (z:=x:7' = ~f(2))h A20=to = Q(2))

X

Angel plays forward
revert flow, time xp;
Demon checks @
backwards till xg
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“There and Back Again” Game

K =f()&Q=to=x0ix = f(x)i (z:=x:7' = ~F(2): A20=to = Q(2))

X

Angel plays forward
revert flow, time xp;
Demon checks @
backwards till xg

to ;= Xo r

Evolution domains definable by games l
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@ Summary
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game «) [1:HG = (p(S) — p(S))

me(X) = {wes : Wil exy
Sw=f(x)(X) = {¢(0) € S: (r) € X for some ¢:[0, r] =S, ¢ |F x' = f(x)}
(X)) = [QINnX
Saup(X) = sa(X) Usa(X)
Sa;8(X) = <alss(X))
sar(X) = M{ZCSS : XU(Z2)C Z}
5ad(X) = (sa(XE))E

Definition (dGL Formula P) [[]: Fml = o(S)
[e1 > e] = {weS : wlea] >wle]}

[-P1 = ([PD)"

[PAQ] = [PIN[Q]
[Pl = <a(lP])
[llPl = da([PD)
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Differential Game Logic: Axiomatization

P—Q
[ [a]P & ~{a)-P M 1P (]G
(=) (x:=¢e)p(x) < p(e) P PV {a)Q— Q
(a*)P = Q

X' = f(x))p(x) ¢ 3t=0 (x := y(1))p(x)
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differential game logic
dGL = GL + HG =dL +¢

@ Axiomatics for hybrid games

@ Proving winning strategies
Next chapter
© Soundness
@ Proofs
© Separations
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