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@ Learning Objectives
© Recap: Proofs for Differential Equations

© Differential Equation Proof Theory
@ Propositional Equivalences
@ Differential Invariants & Arithmetic
@ Differential Structure
o Differential Invariant Equations
@ Equational Incompleteness
@ Strict Differential Invariant Inequalities
o Differential Invariant Equations to Differential Invariant Inequalities
o Differential Invariant Atoms

@ Differential Cut Power & Differential Ghost Power
© Curves Playing with Norms and Degrees

© Summary
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Learning Objectives

Differential Invariants & Proof Theory

limits of computation

proof theory for differential equations
provability of differential equations
nonprovability of differential equations
proofs about proofs

relativity theory of proofs

inform differential invariant search
intuition for differential equation proofs

core argumentative principles improved analysis
tame analytic complexity
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© Recap: Proofs for Differential Equations
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Differential Invariants for Differential Equations

Differential Weakening

QFF
Pk [x = f(x)& Q]F

QF [x :=f(x)](F)
Ft [x' = f(x)& Q]F

FEX =f(X)&Q]C FIF[xX' =f(x)& QA C]F
FE[x=1f(x)&Q]F
DW [x' = f(x) & Q]F + [x' = f(x) & Q)(Q — F)
DI [x' = f(x) & Q]F + (Q — F A [¥' = f(x) & Q](F))
DC ([x' = f(x) & Q]F <+ [xX' = f(x) & Q A C]F) «+ [x' = f(x) & Q]C
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Differential Invariants for Differential Equations

Differential Weakening

QFF
Pk [x = f(x)& Q]F

Differential Invariant
QF [x :=f(x)](F)
Ft [x' = f(x)& Q]F

Differential Cut
FEX =f(X)&Q]C FIF[xX' =f(x)& QA C]F
FE[x=1f(x)&Q]F
DW [x' = f(x) & Q]F + [x' = f(x) & Q)(Q — F)
DI [x' = f(x) & Q]F + (Q — F A [¥' = f(x) & Q](F))
DC ([x' = f(x) & Q]F <+ [xX' = f(x) & Q A C]F) «+ [x' = f(x) & Q]C
DE [x' = f(x) & Q|F + [x' = f(x) & Q][x" := f(x)]F
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© Differential Equation Proof Theory
@ Propositional Equivalences
@ Differential Invariants & Arithmetic
@ Differential Structure
o Differential Invariant Equations
@ Equational Incompleteness
@ Strict Differential Invariant Inequalities
o Differential Invariant Equations to Differential Invariant Inequalities
o Differential Invariant Atoms
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Relativity Theory of Proofs

QF ¥ = F)I(F)
Ft [x = f(x)& Q]F
But generalizations are helpful to find the right F in the first place:
AFF FEX=fx)&Q]F FFB
Al [x =f(x)& Q]B

Compare Provability with Classes € of Differential Invariants

DIq : properties provable with differential invariants in QC{>,> = A, V}
A < B iff all properties provable with A are also provable somehow with B

cut,MR

A £ B otherwise, i.e., some property can be proved with A but not with B
A= Biff A< B and B <A so same deductive power
A< Biff A< B and B £ A so A has strictly less deductive power
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Relativity Theory of Proofs

QF [x :=f(x)](F) DIe—k = DZe— by considering (e — k) =0
Ft [x = f(x)& Q]F
But generalizations are helpful to find the right F in the first place:
AFF FEX=fx)&Q]F FFB
Al [x =f(x)& Q]B

Compare Provability with Classes € of Differential Invariants

DIq : properties provable with differential invariants in QC{>,> = A, V}
A < B iff all properties provable with A are also provable somehow with B

cut,MR
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A= Biff A< B and B <A so same deductive power
A< Biff A< B and B £ A so A has strictly less deductive power

André Platzer (CMU) LFCPS/13 6/ 23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_13
http://lfcps.org/lfcps/

Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

D |

Can use any propositional normal form
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Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

VREEE - X = f(x) & QIF

Can use any propositional normal form
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Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

4 GH X =f(x)&Q]G
VREEE - X = f(x) & QIF

Can use any propositional normal form
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Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

@k =Fl(6)
4 GH X =f(x)&Q]G
VRGEE b [ = f(x) & QIF

Can use any propositional normal form
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Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

|

L QE =N
4 GH X =f(x)&Q]G
VREE b [ = f(x) & QIF

Can use any propositional normal form
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Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

|

QX =F(X)](FY F + G propositionally equivalent, so
I G X =f(x)&Q|G (F) + (G)' propositionally equivalent

VREE b [ = f(x) & QIF

Can use any propositional normal form

André Platzer (CMU) LFCPS/13 7 /23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_13
http://lfcps.org/lfcps/

Propositional Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F < G is a propositional tautology then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

|

=@k [X":=f()I(F) F +» G propositionally equivalent, so
I G X =f(x)&Q|G (F) <—>F(G)’Fpr,opositFio?aIIyFeqtlivaIent
since A = A e
MR,cutF - [X’ _ f(X)& Q]F ( 1 2) ( 1) ( 2)

Can use any propositional normal form
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

A _5<xAx<5 F [x' = —x](—5<xAx<5)
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

[:=] F [x":=—x](0<x'Ax'<0)
A _5<xAx<5 F [x' = —x](—5<xAx<5)
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

FO<-—xA—-x<0
[:=] F [x":=—x](0<x'Ax'<0)
A _5<xAx<5 F [x' = —x](—5<xAx<5)
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

not valid
FO<—xA—x<0
[:=] F [x":=—x](0<x'Ax'<0)
A _5<xAx<5 F [x' = —x](—5<xAx<5)
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

Proof.

not valid
FO<—xA—x<0
(= F [x":=—x](0<x'Ax'<0)
I _B<xAX<E F X = —x](—5<xAx<5) U X2<B? F [x = —x]x?<5?
arithmetic equivalence —5<xAx<5 > x?<52 O
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

not valid
FOLS<—xA—x<Z0
(=] F [x:=—x](0<x'Ax'<0) [l F [x:=—x]2xx'<0
I _B<xAX<E F X = —x](—5<xAx<5) U X2<B? F [x = —x]x?<5?
arithmetic equivalence —5<xAx<5 ¢ x?<52 O
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

not valid
FO<—xA—x<0 R - —x2x<0
(= F [x:=—x](0<x'Ax'<0) [ F [x":=—x]2xx'<0
I _B<xAX<E F X = —x](—=5<xAx<5) U XP<B? F [x = —x]x?<5?
arithmetic equivalence —5<xAx<5 > x?<52 O
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Arithmetic Equivalences of Differential Invariants

Lemma (Differential invariants and propositional logic)

If F <> G is real-arithmetic equivalence then
F differential invariant of x' = f(x) & Q
iff G differential invariant of x' = f(x) & Q

not valid %
FO<—xA—x<0 R - —x2x<0
(= F [x:=—x](0<x'Ax'<0) [ F [x":=—x]2xx'<0
I _B<xAX<E F X = —x](—5<xAx<5) U XP<B? F [x = —x]x?<5?
arithmetic equivalence —5<xAx<5 > x?<52 O
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Arithmetic Equivalences of Differential Invariants

Lemma (Di*f . ciiuie. *nvariants and propositional logic
prop g

FO<—xA—-—x<0 I F —x2x<0
(=] F [x:=—x](0<x'Ax'<0) [~ F [x:=—x]2xx’<0
I _B<xAX<E F X = —x](—5<xAx<5) U XP<B? F [x = —x]x?<5?
Despite arithmetic equivalence —5<xAx<5 <+ x?><52 O

Differential structure matters! Higher degree helps here
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Different Differential Structure for Equivalent Solutions >0
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Different Differential Structure for Equivalent Solutions >0
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Different Differential Structure for Equivalent Solutions >0
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

DI- DI,y

Proof core. Full: [6, 2].
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

Proof core. Full: [6, 2].
o
°
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

Proof core. Full: [6, 2].

0 e =6 Vk =k

0 e =e Nk =k
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

Proof core. Full: [6, 2].

oel=e2Vk1=k2<—>(e1—eg)(k1—k2)=0

) el=eg/\kl=k2<—>(e1—e2)2—|—(k1—k2)2=0
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

Proof core. Full: [6, 2].
) 61=62Vk1=k2H(el—eg)(kl—kg)=0

[X:=F()((er)’ = (e2) A () = (k2)')

) el=eg/\kl=k2<—>(e1—e2)2—|—(k1—k2)2=0
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

eeg=eVk=k < (eaa—e)lkh—k)=0
[ =F()]((er)" = (€)' A (k) = (k2)')
So [x":==f(x)]((e1 — e2)(k1 — k2))' = 0
=[x"=F()](((er) = (e2))(k1 — ko) + (€1 — &2)((k1)’ — (k2)') = 0)
o er=e Nk =k ¢ (e1 —€)> + (ki — k2)? =0
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

Proof core. Full: [6, 2].

eeg=eVk=k < (eaa—e)lkh—k)=0
[x:=f()]((er)" = (€)' A (k1) = (k2)')
So [x":==f(x)]((e1 — e2)(k1 — k2))' = 0
=[x"=F()](((e1) — (e2))(k1 — ko) + (€1 — &2)((k1)’ — (k2)") = 0)
o er=e Nk =k ¢ (e1 —€)> + (ki — k2)? =0
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

eeg=eVk=k < (eaa—e)lkh—k)=0
[x:=F()]((er)" = (€)' A (k1) = (k2)')
So [x":==f(x)]((e1 — e2)(k1 — k2))' = 0
=[x"=F()](((er) = (e2))(k1 = ko) + (€1 — &2)((k1)’ — (k2)") = 0)
o er=e Nk =k ¢ (e1 —€)> + (ki — k2)? =0
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_

eeg=eVk=k < (eaa—e)lkh—k)=0
[ =F()]((er)" = (€)' A (k) = (k2)')
So [x":==f(x)]((e1 — e2)(k1 — k2))' = 0
=[x"=F()](((er) = (e2))(k1 — ko) + (€1 — &2)((k1)’ — (k2)') = 0)
o er=e Nk =k ¢ (e1 —€)> + (ki — k2)? =0

[X'=f()]((er) = (e2)' A (k) = (k2))
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Differential Invariant Equations

Proposition (Equational deductive power [6, 2])

atomic equations are enough: DI_ = DI_
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Proposition (Equational definability)

Equations are definable by weak inequalities: DZ_ . < DI>

Provable with DZ_ Provable with DZ>

QF [x:=f(x)](e) =0 QF [X:=Ff(x)]—2e(e) >0
Ye=0F [ =f(x)&Qle=0 ““Z>0F ¥ = f(x)& Q](—e > 0)

O

Local view of logic on differentials is crucial for this proof.
Degree increases
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Differential Invariant Atoms

Theorem (Atomic

DIZ 'DIZ’/\’\/ and DI> DI>’/\7\/
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Differential Invariant Atoms

Theorem (Atomic incompleteness)

Atomic inequalities not enough: DI> < DI> v and DI, < DI sy
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Differential Invariant Atoms

Theorem (Atomic incompleteness)

Atomic inequalities not enough: DI> < DI> v and DI, < DI sy

Provable with DZ> A v Unprovable with DZ>
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Differential Invariant Atoms

Theorem (Atomic incompleteness)

Atomic inequalities not enough: DI> < DI> av and DI, < DI \v

Proof idea.
Provable with DZ> A v Unprovable with DZ>

*

R F5>0Ay2>0

= F [x":=B][y":=y?|(x'>0Ay'>0)
I x>0Ay>0F [x' =5,y = y?](x>0Ay>0)
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Differential Invariant Atoms

Theorem (Atomic incompleteness)

Atomic inequalities not enough: DI> < DI> av and DI, < DI \v

Provable with DZ> A v Unprovable with D7 >

p(x,y)>0 +> x>0Ay>0

% impossible since this implies
R 5 p(x,0)>0 <> x>0
F520Ay" 20 so p(x,0) is 0

- - =Sy =yl 200y'20)
I x>0Ay>0F [x' =5,y = y?](x>0Ay>0)
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Differential Invariant Atoms

Theorem (Atomic incompleteness)

Atomic inequalities not enough: DI> < DI> av and DI, < DI \v

Provable with DZ> A v Unprovable with D7 >

p(x,y)>0 +> x>0Ay>0

% impossible since this implies
R 5 p(x,0)>0 <> x>0
F520Ay" 20 so p(x,0) is 0

- - =Sy =yl 200y'20)
I x>0Ay>0F [x' =5,y = y?](x>0Ay>0)

Substantial remaining parts of the proof shown elsewhere [2]. O
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Differential Invariant Atoms

Theorem (Atomic incompleteness)

Atomic inequalities not enough: DI> < DI> av and DI, < DI \v

Provable with DZ> A v Unprovable with D7 >

p(x,y)>0 +> x>0Ay>0

% impossible since this implies
R 5 p(x,0)>0 <> x>0
F520Ay" 20 so p(x,0) is 0

- - =Sy =yl 200y'20)
I x>0Ay>0F [x' =5,y = y?](x>0Ay>0)

Substantial remaining parts of the proof shown elsewhere [2]. O

dC still possible here but more involved argument separates.
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@ Differential Cut Power & Differential Ghost Power
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Deductive Power of Differential Cuts & Differential Ghosts

Theorem (Gentzen's Cut Elimination)

AFBvVC AANCEB

cut can be eliminated

AF B
Theorem (No Differential Cut Elimination) (LMCS 2012)
Deductive power with differential cuts exceeds deductive power without.
DI+ DC> DI

Theorem (Auxiliary Differential Variables) (LMCS 2012)

Deductive power with differential ghosts exceeds power without.
DI + DC+ DG > DI + DC
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»  The Need for Differential Cuts

dIx32—1/\y520|—[X':(x—2)4—|—y5,y’=y2]x32—1
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»  The Need for Differential Cuts

(=] F X =(x — 2)* + y®][y:=y?]3x?x' > 0

dIx32—1/\y520|—[X':(x—2)4—|—y5,y’=y2]x32—1
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»  The Need for Differential Cuts

F3x2((x —2)* +y%) >0

(=] F[X=(x — 2)* + y°][y":=y?]3x?x’ > 0

dIx32—1/\y520|—[X':(x—2)4—|—y5,y’=y2]x32—1
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»  The Need for Differential Cuts

not valid

F3x3((x —2)*+y5%) >0

(=] F[X=(x — 2)* + y®][y:=y?]3x?x’ > 0

dIx32—1/\y520|—[X':(x—2)4—|—y5,y’=y2]x32—1
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»  The Need for Differential Cuts

not valid

F3x3((x —2)*+y5%) >0

(=] F[X=(x — 2)* + y®][y:=y?]3x?x’ > 0

3> 1Ay >0k X = (x =2 +y5,y = yx3 > —1

Have to know something about y°
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Ex: » Differential Cuts

dCX?’Z—l/\y‘r’ZOI—[x’=(x—2)4—i—y5,y’=y2]x32—1
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Ex: » Differential Cuts

dcx32—1/\y520l— X =(x=2)*+y5y =y x3 > —1

d'y520|—[X'=(X—2)4+y5,y'=y2]y520
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Ex: » Differential Cuts

dcx32—1/\y520l— X =(x=2)*+y5y =y x3 > —1

- X =(x = 2)* + Il =y2I5y Yy > 0
dl y5 ZO - [X'=(X—2)4+y5,y':y2]y5 20
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Ex: » Differential Cuts

dcx32—1/\y520l— [X = (x—=2)*+y5y =y?x3 > —1

R = 5y4y2 >0

- X =(x = 2)* + Iy =y2I5y Yy > 0
dl y5 ZO - [X'=(X—2)4+y5,y':y2]y5 20
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Ex: » Differential Cuts

A€ 53 > —1IAY?>0F X =(x—=2*+y2y =y?x3 > —1
x
" -5y >0
O e Gt N ) e i DA AL
DY zoR K = (x =2 0y =y 20
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Ex: » Differential Cuts

d 3> -1k X =x=-2*+y5y =y?&y5>0x3> -1 p
dcx32—1/\y520l— [X = (x—2)*+y5y =y?x3 > —1

*
R = 5y4y2 >0

- X =(x = 2)* + Pl =y?I5y Yy > 0
dl y5 ZO - [x':(x—2)4+y5,y':y2]y5 20
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Ex: » Differential Cuts

(=] yo >0k [Xi=(x — 2)* + y®][y:=y?]2x>x" > 0
d 3> -1k X =x=-2*+y5y =y?&y> > 0]x3> -1 p
A€ 53 > 1Ay’ >0F X =(x—=2*+y2y =y?x3 > —1

*
R = 5y4y2 >0

- X =(x = 2)* + Py =y2I5y Yy > 0
dl y5 ZO - [X'=(X—2)4+y5,y':y2]y5 20
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Ex: » Differential Cuts

Y3 >0k 2x3((x —2)* +y°) >0
yS >0k [xi=(x —2)* + y°|ly:=y?]2x%x" > 0

B> —lE [ = (x=2)"+)%y = y?&y* > 0x* > -1 >
A€ 53 > —1IAY?>0F X =(x=2*+y2y =y?x3 > —1

dl

*

R

(=]

F5y*y? >0

X =(x = 2)* + Iy =y2I5y Yy > 0
Ty ok = (x =2 0y =y 20
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Ex: » Differential Cuts

*

Y3 >0k 2x3((x—2)* +y5%) >0
¥y >0k [Xi=(x — 2)* + yS)ly:=y?]2x3x > 0

B> —lE [ = (x=2)"+)%y = y?&y* > 0x* > -1 >
dcx32—1/\y520l— [X = (x=2)*+y5y =y?x3 > —1

dl

*

R

(=]

F5y*y? >0

X =(x = 2)* + Iy =y2I5y Yy > 0
Ty ok = (x =2 0y =y 20
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© Curves Playing with Norms and Degrees
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Arithmetic Equivalences of Differential Invariants

Lemma (Di*f . ciiuie. *nvariants and propositional logic
prop g

FO<—xA—-—x<0 I F —x2x<0
(=] F [x:=—x](0<x'Ax'<0) [~ F [x:=—x]2xx’<0
I _B<xAX<E F X = —x](—5<xAx<5) U XP<B? F [x = —x]x?<5?
Despite arithmetic equivalence —5<xAx<5 <+ x?><52 O

Differential structure matters! Higher degree helps here

André Platzer (CMU) LFCPS/13 20/ 23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_13
http://lfcps.org/lfcps/

Curves Playing with Norms and Degrees

dc AFX =v,y =w, v =ww,w = —wv,t' = 1]||(x,y)|lc < ¢t

A & VW<l A x=y=t=0
def
(Gl <SS —t<x<tA—-t<y<t Supremum norm
def .
IGoY) e < tE X2+ y? < 8 Euclidean norm
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Curves Playing with Norms and Degrees

g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+’ <1]||(x,y) || < t

AR =vy =w, v =ww,w' = —wv,t’ = 1]||(x,y)[l < t

dC

A & VW<l A x=y=t=0
def
(oY)l StE —t<x<tA—-t<y<t Supremum norm
def .
GG < tE X2+ y? < 8 Euclidean norm
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Curves Playing with Norms and Degrees

2 pw?<t F [ =yl i=w] [V i=wow][w = —wv] [t :=1](—t <x' <At <y <)

g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t
e AFX =v,y =w,v =ww,w = —wv,t' = 1]||(x, )|l < ¢t
f
A dEe VHw?<1 A x=y=t=0
(x5 ¥) | o Stdzef—tSXSt/\—tSySt Supremum norm
I, ¥)]2 < ¢t e +y? <t Euclidean norm
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Curves Playing with Norms and Degrees

RV2iwe<iF —1<v<in-1<w<1
2 pw?<t F [ i=v]ly i=w] [V i=wow][w' = —wv] [t :=1](—t <x' <At <y’ <t')
g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t

AR =vy =w, v =ww,w' = —wv,t’ = 1]||(x,y)[l < t

dC

AL V2 LwP <1 A x=y=1=0
def
(oY)l StE —t<x<tA—t<y<t Supremum norm
def )
[(x,y)ll2 <t E X +y* < Euclidean norm
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Curves Playing with Norms and Degrees

*
Ry2iwe<iF 1<v<iA-1<w<1

2 pw?<t F [ i=v]ly i=w] [V i=wow][w = —wv] [t :=1](—t <x' <At <y’ <t')
g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t

AR =v,y =w, v =ww,w' = —wv,t’ = 1]||(x,y)[l < t

dC

AL V2 LwP <1 A x=y=1=0
def
(oY)l StE —t<x<tA—t<y<t Supremum norm
def )
[(x,y)ll2 <t E X +y* < Euclidean norm
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Curves Playing with Norms and Degrees

*
Ry2iwe<iF 1<v<iA-1<w<1
2 pw?<t F [ i=v]ly i=w] [V i=wow][w = —wv] [t :=1](—t <x' <At <y’ <t')

g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t
e AFX =v,y =w, v =ww,w = —wv,t' = 1]||(x,y)|lc < ¢t
dc

Ab X =vy =w, v =ww,w = —wv,t' =1]|l(x,y)[> < t

AL V2 LwP <1 A x=y=t=0
def
(oY)l <SS —t<x<tA—t<y<t Supremum norm
def )
[(x,y)ll2 < tE X +y* < Euclidean norm
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Curves Playing with Norms and Degrees

*
Ry2iwe<iF 1<v<iA-1<w<1

2 pw?<t F [ i=v]ly i=w] [V i=wow][w = —wv] [t :=1](—t <x' <At <y’ <t')
di

< AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t
dc A X =v,y =w, v =ww,w = —wv, t' = 1]||(x,y)]|cc < t
d g AR X =v,y =w,VvV =ww,w = —wv,t' = 1& vV +w?<1]|(x,¥)]2 < t
dc

Ab X =vy =w, v =ww,w = —wv,t' =1]l(x,y)[> < t

| o

A :ef VHw?<1 A x=y=t=0
106 y)llee <t

[yl <t

[N
o
-

—t<x<tAN—-t<y<t Supremum norm

o
o
-

X2 —l—y2 < £ Euclidean norm
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Curves Playing with Norms and Degrees

*

Ry2iwe<iF 1<v<iA-1<w<1

2 pw?<t F [ i=v]ly i=w] [V i=wow][w = —wv] [t :=1](—t <x' <At <y’ <t')
g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t
AFX =v,y =w, v =ww,w = —wv,t' = 1]||(x,y)|lc < ¢t

dC

2 pw?<t F [ i=v]y i=w][Vii=ww][w':= — wv][t:=1](2xx’ + 2yy’ < 2tt')
g Abx =v.y =w, v =ww,w = —wv, t/ =1& v?+w?<1]||(x < t
7.y ) ) 9 —_ 7y —_
Ab X =vy =w, v =ww,w = —wv,t' =1]|l(x,y)[> < t
A

dC

o
o
-

VAW <1 A x=y=t=0

o
o
-

106yl <

[yl < ¢

—t<x<tAN-t<y<t Supremum norm

a
)
-

X2 +y2 < £ Euclidean norm
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Curves Playing with Norms and Degrees

*

Ry2iwe<iF 1<v<iA-1<w<1

2 pw?<t F [ i=v]ly i=w] [V i=wow][w = —wv] [t :=1](—t <x' <At <y’ <t')
g AFIX =v,y =w,vV =ww,w = —wv,t' = 1& v+ w?<1]||(x,y) || < t
A X =v,y =w, v =ww,w = —wv, t' = 1]||(x,y)]|cc < t

dC

v2+W2§1 F2xv +2yw < 2t1
2 pw?<t F [ i=v]ly i=w] [V i=ww][w':= — wv][t:=1](2xx’ + 2yy’ < 2tt’)
g AR X =v,y =w,Vv =ww,w = —wv,t' = 1& vV +w?<1]|(x,y)]2 < t
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Curves Playing with Norms and Degrees
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AR =v,y =w, v =ww,w' = —wv,t’ = 1]||(x,y)[l < t

dC
Lower degree helps here
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Interreducing Norms in Dimension n

Vx ¥y (1106, ¥)lloe < 11(x¥) 12 < Vll(x,¥) 1)

VXW(%H(X,Y)Hz <16l < I 0)l2)
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Interreducing Norms in Dimension n
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Interreducing Norms in Dimension n
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Benefit from norm relations but be mindful of approximation error factors
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@ Summary
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Summary: Differential Invariance Chart

Theorem (Differential Invariance Chart)

DI « DIy v =—=DIz=v
T (\g\\ § :
DI DI, nv —>DIs - rv

@ Rich theory and structure behind differential invariants

@ Scrutinize what property can be proved with what invariant
@ Use provability sanity checks like open/closed/univariate

o Real differential semialgebraic geometry

o Exploit differential cuts to obtain more knowledge
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