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continuous evolution along differential equations + discrete change
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continuous evolution along differential equations + discrete change
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Example (“Solving” differential equations)
1 . . .
xi(t) = — (xlwgcos tw — Vow €os tw sin ¥ + vow cos tw cos tpsind — vy osin tw
wo

+ xpwosin tw — vow cos ¥ cos tosin tw — vowV 1 — sin 92 sin tw
—+ vow cos ¥ cos tw sin tg + vow sin ¥ sin tw sin tg) .
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X] = —vit+vacost + wxp
xé = Vo sin 1 — wxy
¥ = 0—w

Example (“Solving” differential equations)

Vt>0 — (xlwg Cos tw — Vow €os twsin ¥ + vow cos tw cos tpsin 1 — vypsin tw
wo

+ xpwosin tw — vow cos ¥ cos tosin tw — vowV 1 — sin 92 sin tw
+ wow cos ¥ cos tw sin tp + vow sin ¥ sin tw sin tg) ...




continuous evolution along differential equations + discrete change




@ Unrealistic instant turns can cause problems
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@ Unrealistic instant turns can cause problems (= smooth curves)

@ Geometric intuition can be misleading (= hybrid system model)

= Introduce smoothly curved flyable maneuver as hybrid system model

Verification for: nonlinear curve dynamics + mode switching? J
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e Differential Dynamic Logic for Hybrid Systems
@ Compositional Verification Logic
o Differential Invariants



dC = FOLgr + ML l




dC = FOLr + DL l
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df = FOLr + DL + HP l
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df = FOLr + DL + HP l

Flif(x > 0)w:=1; d] = —wdp, dj = wdi]v > 1



df = FOLr + DL + HP l

Flif(xa > 0)w:=1; d] = —wds,ds =wdy v > 1

~
hybrid program
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with terms 61,6, of nonlinear real arithmetic (+, )

x'=f(x)\NH (continuous evolution)

x 1= f(x) (discrete jump) _

?H (conditional execution) jump & test
a; (seq. composition)

aup (nondet. choice) Kleene algebra
a* (nondet. repetition)
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safe A\ tangential — [other subsystem|safe
where safe = (x1 — y1)? + (x2 — y2)? > p?

conjunction




“Formula that remains true in the direction of the dynamics”
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“Formula that remains true in the direction of the dynamics”
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“Formula that remains true in the direction of the dynamics”

AEEAN
frN \\\\\k‘/‘/
ft
X
LI
LAY

Y
N
-
v
1
4
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Example (dC formula of verification subgoal)
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safe A\ tangential — [circ|(safe \ tangential)




[X{ = d, di = —wdz,Xé = db, dé = wdy .. .](Xl — y1)2 + (X2 — y2)2 > p2




Allx=yl* s Alx=yl? 1, Ollx=yl?,/ ~ 9p*
3X1X+ y+ X2X+ Y2y> Xl

X =, ] = —iodh, ] = o, = w101 — 7 (2 = 7o = 7

8||X yll2




Allx=yl* s Alx=yl® 1, Ollx=yl? / ~ 9p*
3X1X+ y+ X2X+ Y2y> Xl

X = dh, 0] = —iodh, ] = s = w101 — 10 T (2 = 7o = 7

8||X yll2




a||x yll2

2 2 2
d +8||x 1y|| e _|_3||X }’” dy +6||x y|| ezzg—’;ldl

[x1 = d1, di = —wdh, x} = C/2, d2 =wd; .. ]( —11)° + (2 — y)? > p?




2 —y1)(di —e1) +2(x2 — y2)(cd2 — &) > 0

a||X y||2 3||X yl? 3||X y||2 Allx—yl? p°
d+ o €1 + d+ N 6226—)(10'1

[x] d1, di = —wdh, x} = d2, d2 =wd;..]J(x1 —y1)* + (2 — y2)* > p?




21 —y1)(d1 —e1) +2(x2 — y2)(do — €2) > 0

2 2 2 _vll2 2
a||x y|| d + 8||Xy1y|| e + a||x y|| d + 8llx yII e > g—’;ldl---

[x d1, di = ~wdy, x3 = d2, d2 =wd .. ](X1 —n)°+ (2 — y2)° > p°
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[df = —wdr,e] = —wex, xh = do,ds = wdi.]di — e1 = —w(x2 — y»)




201 —y1)(di —e1) +2(x2 — y2)(d — &) > 0

BIIX yll2 3I|X vl? 3||X yII2 Alx—yl* p®
d+ yl e+ d+ ayz e226X1d1

[x1 = d1, di = —wdp, X} = d2, d2 =wd;..]J(x1 —y1)* + (2 — y2)* > p?

F differential invariant of [x' = 6 A H|S, then
X =0AH]S iff [xX=0ANHAF]S

[df = —wdr,e] = —wex, xh = d,ds = wdi.]d — e1 = —w(x2 — y»)



2(x1 —y1)(~wlx — y2)) + 20 — y2)w(xs —y1) >0
20 —y1)(di —e1) + 202 — y2)(d> — &) > 0

2 2 2 _vll2 2
a||x y|| d + 8||Xy1y|| e + a||x y|| d + allx yII e > ‘3—’;1d1---

[x1 d1, di = ~wdy, x3 = d2, d2 =wd .. ](X1 —n)°+ (2 — y2)° > p°

F differential invariant of [x' = 6 A H|S, then
X =0AH]S iff [xX=0ANHANF]S

[df = —wdr,e] = —wex, xh = do,ds = wdi.]dy — e1 = —w(x2 — y»)




Example (dC formula of verification subgoal: reach tangential)
(rw)? = ||d|2 A |Ix — c|]| = V3r AIA>0(x+ Ad = ¢) A
|h—c|| =2r A d=—w(x—h)*
— [F(=w)AlIx—c| = (Ix =l < r —d =w(x—c)")




Example (dC formula of verification subgoal: stay separate)
Ix = yll > V2(p+2bT)Ap > OA[|d|* < [le]* < B> Ab>0AT >0
— [entry] (lIx — y[l = p)




Example (dC formula of verification subgoal: limited progress)
x=zA|d|?<b*Ab>0
— [r:=0; WwF(W)AT =1](]|]x — z|lo < Tb)




Example (dC formula of verification subgoal: separated exit)

TAIx=yl?2p* = X' =dny =e](lIx—y|* = p?)




Example (d£ formula of verification subgoal: separate directions)

TAIx=yl?2p* = X' =d; y' = el (Ix — ylI* > p?)
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TAx=ylP=2p* = [X =d; y=¢](Ix—yl|* = p?)




Example (d£ formula of verification subgoal: separate directions)

TAIx=yl?2p* = X' =d; y' = el (Ix — ylI* > p?)




Example (d£ formula of verification subgoal: far separability)

Thd#e—Va(xX'=dAy =e)(Ix—yl?>a)




@ Flyable Tangential Roundabout Maneuver









FTRM is collision free:

Ix =yl > farA... — [FTRM]||x — y|| > p




@ Experimental Results



tangential roundabout (2a/c)

7.2

(
tangential roundabout (3a/c) | 253.6 342 18
tangential roundabout (4a/c) || 382.9 10.2 520 23
tangential roundabout (5a/c) || 1882.9 39.1 735 28
bounded maneuver speed 0.5 6.3 14 4
flyable roundabout entry* 10.1 9.6 132 8
flyable entry feasible* 104.5 87.9 16 10
flyable entry circular 3.2 7.6 81 5
limited entry progress 1.9 6.5 60 8
entry separation 140.1 20.1 512 16
mutual negotiation successful 0.8 6.4 60 12
mutual negotiation feasible* 7.5 23.8 21 11
mutual far negotiation 2.4 8.1 67 14
simultaneous exit separation® 43 12.9 44 9
different exit directions 3.1 11.1 42 11




© Conclusions & Future Work



@ Scaling verification technology
@ Scaling air traffic control scenarios

@ Relax remaining modeling assumptions (e.g., synch)
Proof structure is general but computational complexity challenging

@ Develop and verify other entry procedure, maneuver choices, ...



dC = DL+ HP

Real aircraft follow smooth curves
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