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© Motivation



ETCS objectives:
@ Collision free
@ Maximise throughput & velocity (300 km/h)
© 2.1 10° passengers/day
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RBC

far ST neg SB cor MA

Z]
continuous evolution along differential equations + discrete change I

@ Parameters have nonlinear influence

@ Handle SB as free symbolic parameter? MA L

@ Challenge: verification (falsifying is “easy”)
@ Which constraints for SB?

----- T :.‘.\.___.\ Vv t

VYMAGSB “train always safe”



ETCSEz < MA | TL-MC | v [ x| v |x]|Vv




RBC

far ST  neg SB  cor MA

ETCSEz < MA | TL-MC | v [ x| v x|V

X no finite-state bisimulation for HS
x no general handling of free parameters
X with parameters, everything gets nonlinear!




L L L
far ST  neg SB  cor MA

ETCS =z < MA TL-MC
= (AX(ETCS) — z < MA) | TL-calculus

v
X




ETCS =z < MA TL-MC
= (AX(ETCS) — z < MA) | TL-calculus

X

x declaratively axiomatise operational model
X expressiveness for characterisation?
X automation




far ST neg

ETCS =z < MA TL-MC VIxX |V x |V
= (AX(ETCS) — z < MA) | TL-calculus X | X | vV | .| X
= [ETCS|z < MA DL-calculus | v | vV | x | vV | X




far ST neg

ETCS =z < MA TL-MC VIxX |V x |V
= (AX(ETCS) — z < MA) | TL-calculus X | X | vV | .| X
= [ETCS|z < MA DL-calculus | v/ | v | x | vV | X

v [RBC]partitioned — 3SB (Train)[RB(]safe
X intermediate states
X automation




far ST neg

ETCS =z < MA TL-MC VIxX |V x |V
= (AX(ETCS) — z < MA) | TL-calculus X | X | vV | .| X
= [ETCS|z < MA DL-calculus | v | vV | x | vV | X




far ST neg

ETCS =z < MA TL-MC VIxX |V x |V
= (AX(ETCS) — z < MA) | TL-calculus X | X | vV | .| X
E[ETCS|z < MA DL-calculus | v/ | v | x | vV | ?

dC = DL + HP I
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= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x I
p=PloAY | VY| =g |0 |0 | gUY | “og" \




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x |
p=PloAY | VY| =g |0 |0 | gUY | “og" \
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= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x l
p=PloAY | VY| =g |0 |0 | gUY | “og" l

4

T

L
-

o (left Vv straight V right)Ucruise




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x l
p=PloAY | VY| =g |0 |0 | gUY | “og" l

4

o (left Vv straight V right)Ucruise

h} o [(cruise — cruiseld(left V right))

A




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x l
p=PloAY | VY| =g |0 |0 | gUY | “og" l

4

o (left Vv straight V right)Ucruise

h} o [(cruise — cruiseld(left V right))
I:L/N_> e [(straight — o(left V right))

A




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x l
p=PloAY | VY| =g |0 |0 | gUY | “og" \

A

o o (left Vv straight V right)Ucruise
h} o [(cruise — cruiseld(left V right))
I:L/N_> e [(straight — o(left V right))

o O(x =x0 — (3A=0x = Axo)U(left V right))

&




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x

p=PloNY V| -¢ 00| 0o | gl

o

(left V straight V right)Ucruise

O (cruise — cruiseld(left V right))

C(straight — o(left \ right))

O(x = x0 — (IA=0x = Axo)U(left V right))

How far do two aircraft fly in the same time?

\




= (AX(ETCS) — z < MA) | TL-caleulus | x | x | v | .| x

p=PloNY V| -¢ 00| 0o | gl

o

(left V straight V right)Ucruise

O (cruise — cruiseld(left V right))

C(straight — o(left \ right))

O(x = x0 — (IA=0x = Axo)U(left V right))

How far do two aircraft fly in the same time?

\

How to describe curved flight?
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RBC

far ST neg SB  cor MA




RBC

- L ,l r ‘
far ST  neg e -

v
v2 < 2b(MA — z)

MA



RBC

dc = FOL /&
R r— r =
far ST neg SB cor MA
YMA3ISB ... ! v2 < 2b(MA — z)
V>0 ... N4
MA






df = FOLr + ML




dC = FOLr + DL




dC = FOLr + DL + HP




dC = FOLr + DL + HP

[if(z > SB)a:=—b; 2" = a]v? < 2b




dC = FOLr + DL + HP

[if(z > SB)a:=—b; 2/ =a]v? < 2b

-
hybrid program




RBC

= - T
far ST neg SB  cor MA

How about hybrid automata?

dC = FOLr + DL + HP




RBC

B - T
far ST neg SB  cor MA

dC = FOLr + DL + HP

v2<2b..




RBC

B - T
far ST neg SB  cor MA

dC = FOLr + DL + HP

-




df = FOLg + DL + HP — r =
far ST neg SB  cor MA
E
|::| v2 < 2b.




RBC

B - T
far ST neg SB  cor MA

Tl e

dC = FOLr + DL + HP

(not compositional J




x' = f(x)
x 1= f(x)
X

o; 8
alup

a*

(continuous evolution)
(discrete jump)
(conditional execution)
(seq. composition)
(nondet. choice)
(nondet. repetition)

jump & test

Kleene algebra




x' = f(x) (continuous evolution)
x 1= f(x) (discrete jump) _
7x (conditional execution) jump & test
a; B (seq. composition)
aup (nondet. choice) Kleene algebra
a* (nondet. repetition)
ETCS = (ctrl; drive)* REC
ctrl= (?MA — z < SB; a:= —b)
U(PMA—z > SB;a:=..) I _

I i
drive = 7' =a far ST neg SB cor MA

Av>0AT<e




x' = f(x) (continuous evolution)

x 1= f(x) (discrete jump) _

7x (conditional execution) jump & test
;3 (seq. composition)

aup (nondet. choice) Kleene algebra
a* (nondet. repetition)

ETCS = (ctrl; drive)” -
ctrl= (?MA — z < SB;a:=—b)
UPMA—z>SB;a:=...) r
drive=7:=0;Z =v,v =a,7 =1 far ST neg  SB cor MA
Av>0AT<e




x'=f(x) A\ x (continuous evolution)

x 1= f(x) (discrete jump) _

7x (conditional execution) jump & test
;3 (seq. composition)

aup (nondet. choice) Kleene algebra
a* (nondet. repetition)

ETCS = (ctrl; drive)” -
ctrl= (?MA — z < SB;a:=—b)
UPMA—z>SB;a:=...) r
drive=7:=0;Z =v,v =a,7 =1 far ST neg  SB cor MA
Av>0AT<e¢




if (x>0) then

a = —4
else

a = 4
fi:
t = 0;

move left =/
move right x/
reset clock variable t x/

continuous evolution x/
repeat these transitions x/



{h'=v,v'=—g,t'=1, h>0}; /x
if (t>0 A h=0) then /*
V = —C*V; / *
t ;=0
fi.
/ *

falling /jumping =/
if on ground x/
bounce back x/

repeat these transitio




What is a state of a hybrid program?



What is a state of a hybrid program?

v:V >R with set of variables V I











































p(xX'=1f(x)) = {(e(0),¢(r)) : ¢ x' = f(x) for duration r}
(v,w) €p(x:=0) <= w=v[x— [0],]
p(x) = {lv,v) : vEX}
plaUy) = p(a)Up(v)
plaiv) = pla)op(v)
(v,w) € p(a*) <= thereis v p(_)oz) le(_)a) Vo o M -




p(x' =1f(x)) = {(p(0),¢(r)) : ¢ E x' = f(x) for duration r}
with [x] = 222X (¢)

@ thereis ¢:[0, r] — States W|th ©(0) = v, p(r) =
@ [x], () is continuous in ¢ on [0, r]
d [x]
o “BI() = [ for ¢ € (0.1)
o ¥,y = Iyl, otherwise




system = (cor;drive)”
(?MA—z<SB;a:=—b)U(?MA—2z> SB;a:=A)
7:=0;(Z=v,vV=a,7=1Av>0AT<¢)

cor

drive



system = (cor;drive)”
(?MA — 2z < SB;a:=—b) U (?MA — z > SB; a:= A)
7:=0;(Z=v,vV=a,7=1Av>0AT<¢)

cor

drive

"MA—-z<SB




ETCS:
train :
spd

atp

move :
rbc

(train U rbc)*

spd; atp; move

Prv<mr;, rai=x% 7—-b<T1.a<A)
U(?r.v >m.r; T.a:=x%; 70 > 1.a > —b)

. SB = —T"’zgl;"'dZ + (% +1) (é&:z +eT.v);

(?(m.e — 7.p < SBV rbc.message = emergency); T.a := —b)
U(?m.e — 7.p > SB A rbc.message # emergency)
t:=0; (rp=71v,7vV =1a,t/ =1ATv>0At<e)
(rbc.message := emergency)
U (mo :=m;m = x;

m.r>0Am.d>0Amg.d?> —m.d? <2b(m.e — mo.e))



© Hybrid Programs vs. Hybrid Automata



q .= accel,

( (?q=accel, 2 =v,v' =a)
U (?7g = accelANz > SB; a:=—b; q:=brake; ?v>0)
U (?q = brake;, Z/ =v,v =aAv

U (?7g=brakeNv <1, a:=a+5;

= accel))"

Q



$

= accel,

(?q = accel, z' =v,v' = a)

(?q =accel N\z> SB; a:=—b; q:=brake; ?v>0)
(?q = brake; z/ =v,V =

(

U
@] anv
U (?qg=brakenv <1, a:=a+05;

Q
I
L
q
e
N—r
SN—
*



q .= accel,

( (?q=accel, 2 =v,v =a)

U (?7g = accelANz > SB; a:=—b; q:=brake; ?v>0)
U (?q = brake;, z/ =v,v/ =aAv>0)

U (?q=brakeAv <1, a:=a+5 q:= accel))*



= accel:

(?qg = accel, zZ/ =v,v =a)
(?q =accel N\z> SB; a:=—b; q:=brake; ?v>0)
(?q = brake; Z/=v,v =aAv

(?qg = brakeANv <1, a:=a+5;

U
U
U

Q
I
L
q
e
N—r
SN—
*



q .= accel,

( (?q=accel, 2 =v,v =a)
U (?7g = accel ANz > SB; a:=—b; q:=brake; ?v>0)
U (?q = brake;, zZ/ =v,v =aAv

U (?7g=brakeNv <1, a:=a+5;

= accel)) .

Q



= accel,

(?qg = accel, Z/ =v,v =a)

(?q =accel N\z> SB; a:=—b; q:=brake; ?v>0)
(?q = brake; zZ/=v,v =aAv>0)

(?q=brakeANv <1, a:=a+5;, q:= accel))*

ccc—~=



o Finite directed graph: vertices M (modes), edges E (control switches)

@ continuous state space R”

o flow conditions flow,, C R"” x R"” determining the relationship of the
continuous state x € R” and its time-derivative x’ € R" during
continuous evolution in mode v € M;

@ invariant conditions inv, C R" for v € M

@ jump relations jump, C R" x R" for edges e € E
usually comprising guard on current state and reset relations

All relations definable in first-order real arithmetic




o Finite directed graph: vertices M (modes), edges E (control switches)

@ continuous state space R”

o flow conditions flow,, C R"” x R"” determining the relationship of the
continuous state x € R” and its time-derivative x’ € R" during
continuous evolution in mode v € M;

@ invariant conditions inv, C R" for v € M

@ jump relations jump, C R" x R" for edges e € E
usually comprising guard on current state and reset relations

All relations definable in first-order real arithmetic

Is this enough to do bounded model checking?



e Q:=(MxR")N{(v,x) : x€inv,}

e Discrete transition (v, x) A (v, x") iff there is an edge e from v to
vt with input a such that (x,x™) € jump,

e Continuous transition (v, x) A~ (v, xT) iff there is a differentiable
function f : [0, r] — R" with f(0) = x, f(r) = x* and
((€), f'(C)) € flowy for ¢ € (0,r); and f(¢) € invg for each ¢ € [0, r].




e Q:=(MxR")N{(v,x) : x€inv,}

e Discrete transition (v, x) A (v, x") iff there is an edge e from v to
vt with input a such that (x,x™) € jump,

e Continuous transition (v, x) A~ (v, xT) iff there is a differentiable
function f : [0, r] — R" with f(0) = x, f(r) = x* and
((€), f'(C)) € flowy for ¢ € (0,r); and f(¢) € invg for each ¢ € [0, r].




e Q:=(MxR")N{(v,x) : x€inv,}

e Discrete transition (v, x) A (v, x") iff there is an edge e from v to
vt with input a such that (x,x™) € jump,

e Continuous transition (v, x) A~ (v, xT) iff there is a differentiable
function f : [0, r] — R" with f(0) = x, f(r) = x* and
((€), f'(C)) € flowy for ¢ € (0,r); and f(¢) € invg for each ¢ € [0, r].




e Q:=(MxR")N{(v,x) : x€inv,}

e Discrete transition (v, x) A (v, x") iff there is an edge e from v to
vt with input a such that (x,x™) € jump,

e Continuous transition (v, x) A~ (v, xT) iff there is a differentiable
function f : [0, r] — R" with f(0) = x, f(r) = x* and
((€), f'(C)) € flowy for ¢ € (0,r); and f(¢) € invg for each ¢ € [0, r].




e Q:=(MxR")N{(v,x) : x€inv,}

e Discrete transition (v, x) A (v, x") iff there is an edge e from v to
vt with input a such that (x,x™) € jump,

e Continuous transition (v, x) A~ (v, xT) iff there is a differentiable
function f : [0, r] — R" with f(0) = x, f(r) = x* and
((€), f'(C)) € flowy for ¢ € (0,r); and f(¢) € invg for each ¢ € [0, r].




(M xR N{(v,x) : x €inv,}

e Discrete transition (v, x) A (v, x") iff there is an edge e from v to
vt with input a such that (x,x™) € jump,

e Continuous transition (v, x) A~ (v, xT) iff there is a differentiable
function f : [0, r] — R" with f(0) = x, f(r) = x* and
((€), f'(C)) € flowy for ¢ € (0,r); and f(¢) € invg for each ¢ € [0, r].

State o € Q reachable from state o¢ € Q, denoted by og A o iff for
some n € N, there is a sequence of states 01,09,...,0, =0 € @ such
that oj_1 ~ o; for each 1 </ < n. Where g;_1 ~ o; iff oj_1 A o; or

r a
oj_1 N o; for some a € A or r > 0, respectively.




There is an effective mapping ¢ such that the following diagram commutes:

HA —— HP(X)
A O p()

2 2
Q% States




(?q = vj; flow,,(x, x') A invy,
a U?q = vi; (xt =% 2ump.(x,xT); x :==xF); 2inv,;; q:=v;
u...)"

“ 7" &3 -
C" Letogo,ie,opry...0n-1op,=0 € Q.

*




(?q = vj; flow,,(x, x') A invy,
a U?q = vi; (xt =% 2ump.(x,xT); x :==xF); 2inv,;; q:=v;
u...)"

“ 7" £3 -
C" Letogo,ie,opry...0n-1op,=0 € Q.

*

IA n =0 then (00,0) € p(a*) using zero repetitions.




(?q = v;; flow,,(x,x") A inv,,
e U?q = v;; (xT:=x Zjump,(x,xT); x :=xT); 2inv,,;; g:=;
u...)"

g 7" BF -
C" Letogo,ie,opry...0n-1op=0 € Q.

*

A n =0 then (0¢,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,05,) € p(«), thus
(00,0n) € p(a®).




(?q = v;; flow,,(x,x") A inv,,
e U?q = v;; (xT:=x Zjump,(x,xT); x :=xT); 2inv,,;; g:=;
u...)"

g 7" BF -
C" Letogo,ie,opry...0n-1op=0 € Q.

*

A n =0 then (0¢,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,05,) € p(«), thus
(00,0n) € p(a®).

r . .
e If 0,1 ~ o, continuous in mode v; for r > 0.




(?q = v;; flow,,(x,x") A inv,,
e U?q = v;; (xT:=x Zjump,(x,xT); x :=xT); 2inv,,;; g:=;
u...)"

*

“C" Let o9 ~ o,i.e,00M...0n_10,=0 € Q.
A n =0 then (0¢,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,05,) € p(«), thus
(00, 0n) € p(a”).
o If oy A o, continuous in mode v; for r > 0.

= Thereis ¢ : [0, r] — States with ©(0) = o,_1, p(r) = o,
v | flow,, A\ inv,,.




(?q = vj; flowy,(x, x') A inv,,
" UPq = vi (xT =% Zump,(x,xt); x = xt); Tinvy; g o=y,
u...)"

g 7" BF -
C" Letogo,ie,opry...0n-1op=0 € Q.

*

A n =0 then (0¢,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,05,) € p(«), thus
(00,0n) € p(a®).
o If oy A o, continuous in mode v; for r > 0.
= Thereis ¢ : [0, r] — States with ©(0) = o,_1, p(r) = o,
v | flow,, A\ inv,,.

@ « can copy the transition as (0,-1,0,) € p(a) using choice
7q = v;; flow,.(x,x") A inv,,.

O



(?q = vj; flowy,(x, x') A inv,,
o* U?g= vii (xT :=x%; 2jump.(x,xT); x :=xT); vinvy; q = v;
U...)
“C" Let o9 ~ o,i.e,00M...0n_10,=0 € Q.
A n =0 then (0¢,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,05,) € p(«), thus
(00,0n) € p(a®).
o If oy A o, continuous in mode v; for r > 0.
= Thereis ¢ : [0, r] — States with ©(0) = o,_1, p(r) = o,
v | flow,, A\ inv,,.
@ « can copy the transition as (0,-1,0,) € p(a) using choice
?q = v;; flow,,(x,x") A inv,,.
o Test succeeds, because ®(o,-1)(q) = v;.

O



(?q = vj; flow,,(x, x') A inv,,
a U?q = vi; (xt =% 2ump.(x,xT); x :=xF); 2inv,;; q:=v;
u...)"

“ 7" £3 -
C" Letogo,ie,opry...0n-1op,=0 € Q.

*

IA n =0 then (00,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,0,) € p(«), thus
(00,0n) € p(a®).

a .
o If op_1 ~ o, discrete from mode v; to v; along edge e




(?q = vj; flow,,(x, x') A inv,,
a U?q = vi; (xt =% 2ump.(x,xT); x :=xF); 2inv,;; q:=v;
u...)"

“ 7" £3 -
C" Letogo,ie,opry...0n-1op,=0 € Q.

*

IA n =0 then (00,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,0,) € p(«), thus
(00,0n) € p(a®).

o Ifo,_1 A on discrete from mode v; to v; along edge e
e Then (0,_1,0) € jump,.




(?q = vj; flow,,(x, x') A inv,,
a U?q = v;; (xT =% 2jump,(x,xT); x :=xT); 2inv,;; g :=v;
u...)"

“ 7" £3 -
C" Letogo,ie,opry...0n-1op,=0 € Q.

*

IA n =0 then (00,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,0,) € p(«), thus
(00,0n) € p(a®).

o Ifo,_1 A on discrete from mode v; to v; along edge e

e Then (op_1,0) € jump,.

e Thus, by choosing the values of o, for x*, we have that
(0n=1,0n) € p() by the choice
?q = v;; (xT =% Yump,(x,xT); x :==x1); 2inv,; q:=v;.

O
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(?q = vj; flow,,(x, x') A invy,
a U?q = vi; (xt =% 2ump.(x,xT); x :==xF); 2inv,;; q:=v;
u...)"

“ 7" £3 -
C" Letogo,ie,opry...0n-1op,=0 € Q.

*

IA n =0 then (00,0) € p(a*) using zero repetitions.
IS By IH, (00,0n-1) € p(a*). Show (op_1,0,) € p(«), thus
(00,0n) € p(a®).




(?q = v;; flow,,(x,x") A\ inv,,
e U?q = v;; (xT =% Zjump,(x,xT); x :=x1); 2inv,;; g:=;
u...)"

“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(ci—1,0i) € p(a) for 1 <i < n.

*




(?q = v;; flow,,(x,x") A\ inv,,
e U?q = v;; (xT =% Zjump,(x,xT); x :=x1); 2inv,;; g:=;
u...)"
“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(0i—1,07) € p(a) for 1 <i < n.

IA For n =0, there is nothing to show.

*




(?q = v;; flow,,(x,x") A\ inv,,
e U?q = v;; (xT =% Zjump,(x,xT); x :=x1); 2inv,;; g:=;
u...)"

*

“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(ci—1,0i) € p(a) for 1 <i < n.
IA For n =0, there is nothing to show.

IS By IH, 0j_1 ~ o forall 1 < i < n. Show op_1 ~ 0, thus a9 A~ op.




(?q = vj; flowy,(x, x') A inv,,
o U?qg = v;; (xT =% Yump,(x,x); x :=xT); 2inv,,; g:=y;
u...)"

*

“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(ci—1,0i) € p(a) for 1 <i < n.
IA For n =0, there is nothing to show.
IS By IH, 0j_1 ~ o forall 1 < i < n. Show op_1 ~ o, thus og A~ op.

o If v :=0,-1(q) = on(q), then
(on=1,0n) € p(?q = v;; flow,,(x,x") A inv,,) by the structure of «.




(?q = vj; flowy,(x, x') A inv,,
a* U?q = v;; (xT:=x Zjump,(x,xT); x :=xT); 2inv,,;; g:=;
u...)"

“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(ci—1,0i) € p(a) for 1 <i < n.
IA For n =0, there is nothing to show.

IS By IH, 0j_1 ~ o forall 1 < i < n. Show op_1 ~ o, thus og A~ op.
o If v :=0,-1(q) = on(q), then
(on=1,0n) € p(?q = v;; flow,,(x,x") A inv,,) by the structure of a.
e Thus, 0,1 A o, by a continuous transition.




(?q = v;; flow,,(x,x") A\ inv,,
e U?q = v;; (xT =% Zjump,(x,xT); x :=xT); 2inv,,;; g :=v;
u...)"
“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(0i—1,07) € p(a) for 1 <i < n.

IA For n = 0, there is nothing to show.

*

IS By IH, oj_1 ~ oj for all 1 <i < n. Show on_1 ~ 0y, thus op ~ 0.
o If v :=0,-1(q) = on(q), then
(on=1,0n) € p(?q = v;; flow,,(x,x") A inv,,) by the structure of a.
o If, otherwise, v; := 0,-1(q) # v; = 0,(q), then
(on=1,00) € p(?q = vi; (xT :=x%; 2jump,(x,xT); x := xT); ?invy; q = v;
according to a line of o that originates from some edge e from v; to v;.




(?q = vj; flow,,(x, x") A inv,,
o* U?g =v; (xT:=x%; Jump.(x,xT); x :=xT); invy;; q = v;
u...)"
“D" Let (09,0n) € p(a*) along o1, ...,0,_1 € States with
(ci—1,0i) € p(a) for 1 <i < n.
IA For n = 0, there is nothing to show.

IS By IH, 0j_1 ~oj for all 1 < i < n. Show 0p—1 ~ 0, thus og ~ 0.
o If v :=0,-1(q) = on(q), then
(on=1,0n) € p(?q = v;; flow,,(x,x") A inv,,) by the structure of a.
o If, otherwise, v; := 0,-1(q) # v; = 0,(q), then
(0n-1,0n) € p(?q = vi; (xT :=%; 2ump,(x,xT); x :=xT); 2inv,,; == v;
according to a line of o that originates from some edge e from v; to v;.
o Thus, (0n-1,04) € jump, and o, |= inv,, hence, 0,1 Ao by a
discrete transition.




g = fill — [(

(?g=fill, X =1,y =1 Ay <10)
U((?g="fillAy =10; x :=0; q:= stop)
U(?qg=stop; X' =1,y =1Ax<?2)

U (?q = stop A x = 2; q := drain)

U(?q =drain; X' =1,y' = -2Ay >5)
U(?q = drain Ny = 5; x :== 0; q := start)
U(?q=start; X' =1,y = -2Ax <2)
U(?q =start A x =2; q:= fill)

Yl <y Ay <12)




Differential Dynamic Logic d
o

@ Syntax

@ Semantics



RBC

far ST neg SB  cor MA




RBC

- L ,l r ‘
far ST  neg e -

v
v2 < 2b(MA — z)

MA



RBC

dc = FOL /&
R r— r =
far ST neg SB cor MA
YMA3ISB ... ! v2 < 2b(MA — z)
V>0 ... N4
MA






df = FOLr + ML




dC = FOLr + DL




dC = FOLr + DL + HP




dC = FOLr + DL + HP

[if(z > SB)a:=—b; 2" = a]v? < 2b




dC = FOLr + DL + HP

[if(z > SB)a:=—b; 2/ =a]v? < 2b

-
hybrid program




Countable set of predicate or function symbols along with natural numbers
as arities containing 0,1,+, -, /,=, <, >, >, < for reals




Countable set of predicate or function symbols along with natural numbers
as arities containing 0,1,+, -, /,=, <, >, >, < for reals

X for variable x € V
f(ty,...,tn) for function f/n € X of arity n > 0




Countable set of predicate or function symbols along with natural numbers
as arities containing 0,1,+, -, /,=, <, >, >, < for reals

¢ =
[a]o “all o reachables”
(o) “some « reachable”
p(ti, ..., tn) for predicate p/n € X of arity n > 0
¢ “not”
(N0 “and”
(6 V) “or”
(60— ) “implies”
Vx ¢ “universal quantifier/forall” for x € V
Ix ¢ “existential quantifier/exists” for x € V

R —
~ AndréPlatzer (CMU)  15-819/07: Dynamic Logic for Hybrid Systems ~  22/30




_‘7/\7\/9_)7 VX,EIXa :7Sa +7'

[alé,  (a)¢

(R-first-order part)

(dynamic part)

SB> ... — [(ctrl;drive)’]z < MA

All trains respect MA
RBC partitions MA
= system collision free

=7

RBC

T

T
far ST neg

SB  cor

MA



/* initial state characterization x/
x"2 < (4xc)"2 —

[(
if (x>0) then
a = —4 /* move left =/
else
a = 4 /* move right x/
fi:
t == 0; /* reset clock variable t x/
{x'=a, t'=1, t<c} /% continuous evolution x/
) % /* repeat these transitions x/
] (x"2 < (4%c)"2) /* safety / postcondition x/



/* initial state characterization x/
g>0 A h>0At >0 A v*2<2xgx(H-h) AH>0 —

[(
{h'=v,v'=—g,t'=1, h>0}; /=«
if (t>0 A h=0) then /*
V = —C*V; / *
t ;=0
fi
) * /*
] (0<h A h<H) I

falling /jumping =/
if on ground x/
bounce back x/

repeat these transitio
safety / postcondition










Qa-span




Qa-span




Qa-span




Qa-span

compositional semantics!




viEO >0 = [6], >[6],

vViEQAY = vE¢and v = ¢

v E ¢ <= v [= ¢ does not hold

v = Vxo = w = ¢ for all w that agree with v
except for the value of x

vE3dxg <= w = ¢ for some w that agrees with v
except for the value of x

v = [a]e <= wlk¢ forall wwith (v,w) € p(a)

v E ()¢ <=  wl=¢ forsome w with (v,w) € p(a)




a-span




e [RB(]partitioned — 3SB (Train)[RB(]safe



e [RB(]partitioned — 3SB (Train)[RB(]safe

o ([Train]safe) < % <m-z...



e [RB(]partitioned — 3SB (Train)[RB(]safe
o ([Train]safe) < ‘2’—2 <m-z...
@ [rbc](M — [spd](SB :=x)|atp; drive]safe)



e [RB(]partitioned — 3SB (Train)[RB(]safe
o ([Train]safe) < ‘2’—2 <m-z...
@ [rbc](M — [spd](SB :=x)|atp; drive]safe)

e [aircrafty](aircrafty)separate



@ Does it make a difference if / € £7



@ Does it make a difference if / € £7
@ Division is definable anyhow by z=y/x =xz=y Ax #0



@ Does it make a difference if / € £7
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@ But what about differential equations x’ = y/x?



@ Does it make a difference if / € £7

@ Division is definable anyhow by z=y/x =xz=y Ax #0
@ But what about differential equations x’ = y/x?

@ xx' = y A x # 0 doesn’t exactly look like an ODE ...



Does it make a difference if / € X7

Division is definable anyhow by z = y/x=xz=y Ax #0
But what about differential equations x’ = y/x?

xx' = y A x # 0 doesn’t exactly look like an ODE ...

They are restricted to explicit form!



Does it make a difference if / € X7

Division is definable anyhow by z = y/x=xz=y Ax #0
But what about differential equations x’ = y/x?

xx' = y A x # 0 doesn’t exactly look like an ODE ...

They are restricted to explicit form!

What about divisions by zero anyhow?



A. Platzer.

Differential dynamic logic for verifying parametric hybrid systems.
In N. Olivetti, editor, TABLEAUX, volume 4548 of LNCS, pages
216-232. Springer, 2007.
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