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Learning Objectives

Axioms & Uniform Substitutions

axiom vs. axiom schema

algorithmic impact of philosophical difference
local meaning of axioms

generic axioms like generic points

uniform substitution

meaning of differentials parsimonious CPS reasoning impl.
modular impl. of logic || prover
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Differential Dynamic Logic: Axiomatization

Part |
[=] x:=6]9(x) > ¢(6)
I 7x19 < (x = ¢9)
[ [ VB9 < [o]o A[Blo
(] [e; B¢ < [e][Ble
[Te]9 <+ ¢ Aa][ar]¢
K{a(9 = y) = ([o]¢ — [o]y)
Ho]g = ¢ Afor](¢ — [a]9)
V¢ —[a]o
[1[x' = 6]¢ < Vi=0[x:=y(t)]¢

André Platzer (CMU)

LFCPS/18 3/24


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_18
http://lfcps.org/lfcps/

Differential Dynamic Logic: Axiomatization

Part |
[=] [x:=0]9(x) <> ¢(0) (6 free for x in ¢)

1x]e < (x — ¢)
(U] [« UBJ¢ < [a]¢ A[B]e
(] [a; Blg > [a][B]e
[ ar]9 < ¢ Ala][ar]e
Klod(9 — v) — ([e]¢ — [a]y)

Ho']g < ¢ Alar](¢ — [a]9)
Ve —[a]g (FV(¢)nBV(a) =10)
[l [x" = 6]¢ <> Vt>0[x:=y(t)]¢ (t fresh and y'(t) = 0)
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U] [aUBle < [l A[Be

V¢ —[a]¢

[=] [x:=0]9(x) < ¢(6)
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Axiom Schema Matches Many Formulas

U] [eUBl9 <[] A[B]o
o [x:=x+1UX =x|x>0¢ [x:=x+1]x>0A[xX' =x%]x>0
o [X=5Ux"=—x]x2>5«[x¥=5]x>>5A[x =—x]x?>5
o [vi=v+1; X =vUxX =2]x>5 4 [v:i=v+1;X = V[x>EA X =2]x>4

V¢ —[a]g

[=] [x:=0]9(x) < ¢(6)
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Axiom Schema Matches Many Formulas

(U] [eUBlo < [a]¢ A[Bg

V xi=Ex+1Ux =x3x> 04 [x:=x+1]x > 0A[X =x%]x >0

V X =5Ux=-x]x*>5[x=5|x2>5A[X =—x]x®2>5

X [vi=v+1; X =vUX =2]x>5 ¢ [vi=v+1; X = V]x>5 A [X' = 2]x>4

V¢ —[a]g

[=] [x:=0]9(x) < ¢(6)
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Axiom Schema Matches Many Formulas
U] [@UBJ¢ < [a]o A[B]e

x?] =x+1]x>0A[X =x%]x>0
x? =5]x2>5A[x' =—x]x*>5
x' “ [vi=v4+1, X = VIx>5 A [X = 2]x>4

V¢ [a]o
e y>0—[x=-5]y>0
@ x>0—[x'=-5]x>0
ey>z—[xX=-5ly>z

[=] [x:=0]9(x) < ¢(6)

André Platzer (CMU) LFCPS/18 5/24


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_18
http://lfcps.org/lfcps/

Axiom Schema Matches Many Formulas
U] [@UBJ¢ < [a]o A[B]e

x?] =x+1]x>0A[X =x%]x>0
x2 =5]x2>5A[x = —x]x2>5
x' < [vi=v+1, X = VIx>5 A [X = 2]x>4

Vo — oo
V y>0—[x'=-5y>0
X x>0—=[xX=-5]x>0
Vy>z=[x=-5ly>z

[=] [x:=0]9(x) < ¢(6)
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Axiom Schema Matches Many Formulas But Not All

(U] [eUBlg <[] A[B]o

Mateh =X - Schema *°)* Same gx=x+1]x=> OA[X' =x%]x>0

shape = 5l variable | x* ~every- =5]x*>>5A[x' = —x]x*>5
aUB — yyamatch jx where . [v:=vi1;x = v]x>5A[x = 2]x>4
Vo —[a]¢ (FVv(¢)nBV(a)=0)

vV yz0-=[x'=-5y=0 rule out

X x>0—=[xX=-5]x>0 by side

v y>z—[x'=-5]y >z conditions

=] Ix:==06]9(x) < ¢(6)

o [x:=x+ylx<yPeo x+y<y?

o [x:=x+y]ly:=5]x>0 <« [y:=5]x+y>0

o [y:=2b|[(x:=x+y;x' = y) | x>y > [(x:=x+2b; X' =2b)" | x>2b
o [x:=x+y][x:=x+1]x>0 [x:=x+y+1]x>0
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Axiom Schema Matches Many Formulas But Not All
U] [aUBJ¢ < [a]o A[B]e

=x+1]x>0A[X =x%]x>0
=5]x2>5A[x' =—x]x*>5
< [vi=v4+1, X = VIx>5 A [X = 2]x>4
V¢ —[a]¢ (Fv(¢)nBV(a)=0)

V y>0-=[xX=-5ly>0

X x>0—>[x’—5]x>0-
Vy>z—[x=-5ly>z
[=] [x:=0]9(x) < ¢(6)

V x=xtyIx <y e x+y <yP

X [x:=x+y]ly:=5]x>0 < [y:=5]x+y>0

Vo y=2b][(x=x4y X = y) x>y < [(x:=x+2b;x' = 2b)" | x>2b
V [xi=x+y]x:=x+1]x>0 < [x:=x+y+1]x>0
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Axiom Schema Matches Many Formulas But Not All
U] [aUBJ¢ < [a]o A[B]e

=x+1]x>0A[X =x%]x>0
=5]x2>5A[x' =—x]x*>5
“ [vi=v+1, X = VIx>5 A [X = 2]x>4
Vo —[ag (Fv(¢)nBV(a)=0)

vV y>0—=[xX'=-5]y>0
X x>0—[xX=-5]x>0
Vy>z—[x=-5ly>z

[=] [x:=0]9(x) + ¢(0) (6 free for x in ¢)

v ]x < y?

X 1ly:=5] —5]X+y>0

v (x:=x+ x>y + [(x:=x+2b; X’
v IRy x=x [Xx:=x+y+1]x>0
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Axiom Schema Matches Many Formulas But Not All

=x+1]x>0A[X =x%]x>0
=5]x2>5A[x' =—x]x*>5
“ [vi=v+1, X = VIx>5 A [X = 2]x>4
Vg —[ale (Fv(¢)nBV(a)=0)

vV y>0—=[xX'=-5]y>0
X x>0—[xX=-5]x>0
Vy>z—[x=-5ly>z

[=] [x:=0]9(x) + ¢(0) (6 free for x in ¢)

v ]x < y?

X 1ly:=5] —5]X+y>0

v (x:=x+ x>y + [(x:=x+2b; X’
v IRy x=x [Xx:=x+y+1]x>0
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Axiom Schema Side Conditions: ODE Solving

[ [¥' = 6]¢ <> Vi=0[x:=y(t)]9
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Axiom Schema Side Conditions: ODE Solving
'l [x¥' = 6]¢ <> Vt>0[x:=y(t)]¢ (tfresh and y'(t) = 6)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: y(-) solves the ODE y'(t) = 6
with y(-) plugged in for x in term 6

@ Initial value check: y(-) solves the symbolic IVP y(0) = x
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Axiom Schema Side Conditions: ODE Solving
'l [x¥' = 6]¢ <> Vt>0[x:=y(t)]¢ (tfresh and y'(t) = 6)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: y(-) solves the ODE y'(t) = 6
with y(-) plugged in for x in term 6

@ Initial value check: y(-) solves the symbolic IVP y(0) = x
@ y(-) covers all solutions parametrically
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Axiom Schema Side Conditions: ODE Solving

[l [x" = 6]¢ <> Vt>0[x:=y(t)]0 (tfresh and y'(t) = 6)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: y(-) solves the ODE y'(t) = 6
with y(-) plugged in for x in term 6

@ Initial value check: y(-) solves the symbolic IVP y(0) = x
@ y(-) covers all solutions parametrically
@ x’ cannot occur free in ¢
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Axiom Schema Side Conditions: ODE Solving

[l [x" = 6]¢ <> Vt>0[x:=y(t)]0 (tfresh and y'(t) = 6)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: y(-) solves the ODE y'(t) = 6
with y(-) plugged in for x in term 6

© Initial value check: y(-) solves the symbolic IVP y(0) = x
@ y(-) covers all solutions parametrically
@ x’ cannot occur free in ¢

Quite nontrivial soundness-critical side condition algorithms ...
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What Axioms Want

V¢ —[o]¢
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What Axioms Want

Vo —[a]¢ Vp—lap

V predicate symbol p of arity 0 has no bound variable of HP a free
“Formula p has no explicit permission to depend on anything”
(except implicitly on what doesn’t change in a anyhow)

V program constant symbol a could have arbitrary behavior
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What Axioms Want

Vo —[a]¢ Vp—lap
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What Axioms Want

V¢ —[o]¢ Vp—lap
[=] [x:=6]0(x) <> ¢(6) (=] [x:=clp(x) < p(c)
V predicate symbol p of arity 0 has no bound variable of HP a free

“Formula p has no explicit permission to depend on anything”
(except implicitly on what doesn’t change in a anyhow)

[:=] predicate symbol p of arity 1 has different arguments in different places
“Formula p(x) has explicit permission to depend on x”

[:=] function symbol c of arity 0 takes no arguments
V program constant symbol a could have arbitrary behavior
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What Axioms Want

(U] [eUBlg > []g A[B]o
V¢ —[o]¢ Vp—lap
[=] [x:=6]9(x) < ¢(6) [:=] [x:=clp(x) < p(c)

V predicate symbol p of arity 0 has no bound variable of HP a free
“Formula p has no explicit permission to depend on anything”
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What Axioms Want

(U] [acUBlo < [a]o A[B]o (U] [aublp(x) < [alp(X) A [b]p(X)
Vo —[a]¢ Vp—lap
(=] [x:=0]9(x) < ¢(0) [:=] [x:=c]p(x) < p(c)

V predicate symbol p of arity 0 has no bound variable of HP a free
“Formula p has no explicit permission to depend on anything”
(except implicitly on what doesn’t change in a anyhow)

[:=] predicate symbol p of arity 1 has different arguments in different places
“Formula p(x) has explicit permission to depend on x”

[U] predicate symbol p of arity n takes all variables x as arguments
“Formula p(x) has explicit permission to depend on all variables x”

:=| function symbol c of arity 0 takes no arguments
V program constant symbol a could have arbitrary behavior
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e Differential Dynamic Logic with Interpretations
@ Syntax
@ Semantics
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Differential Dynamic Logic with Interpretations: Syntax

Definition (Hybrid program «)

o, = alx=0]7Q|xX =f(x)&Q|aUB | ;B | o

Definition (dL Formula ¢)

O,y = p(6i,....6) [ 0> |0 |dAY Vx| Ix¢ |[a]e | (a)o

Definition (Term 0)

0,n == f(6,....,0¢) | x| 0+1n | 6-1|(0)
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Differential Dynamic Logic with Interpretations: Syntax

Nondet.
Repeat

Differential
Equation

Discrete || Test
Condition

Nondet.
Choice

Definition (Hybrid program o)

o, = alx=0]7Q|xX =f(x)&Q|aUB | ;B | o

Definition (dL Formula ¢)

¢,y = p(6r.....0) |0 =0 |~ [9AY [ Vx| Ix9 | [a]o | ()¢
Definition (Term 0)

0,n == f(64,.. ek)|x|9+n|9 (6)
Some AII Som
Reals Reals ] | Runs} | Runs
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Differential Dynamic Logic with Interpretations: Syntax

Program
Symbol

Definition (Hybrid program «)

o, = alx=0]72Q|xX =f(x)&Q| aUB | ;B | o

Definition (dL Formula ¢)
¢,y = p(6r.....0) |0 =0 |~ [9AY [ Vx| Ix9 | [a]o | ()¢

Definition (Term 0)

0.n == f(61,....6k) | x| 6+1m|6-1]|(8)
/ |

A Function
Ig;?:gﬁtel ISymboI l Differential
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Differential Dynamic Logic with Interpretations: Semantics

Definition (Term semantics) ([1:Trm — (= R))

o[f(61.....60)] = I(f)(w[61],...,0[6]) I(f): RX — R smooth
o[(6)] = Y o() 1 (a)

Definition (dL semantics) (I-] : Fml — ()

[p(61,..-, 001 = {o : (0[61],...,0[6d) € i(p)} I(p) CR
[()9] = [e][¢]

P valid iff @ € [P] for all states ® of all interpretations /

Definition (Program semantics)

[a]l = I(a) I(a) C xS
[X' = ()& Q] = {(#(0)[,ye. @(r) : ¢ =X =1(x)AQ}
[eeuB] = [e]UIA]
[ B] = [e][A]
[e] = ([o1)" = Upen[0"]
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Soundness Proofs for Axioms

Lemma (V vacuous axiom)
Vp—[alp

Lemma ([:=] assignment axiom)
[:=] [x:=c]p(x) +> p(c)
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Soundness Proofs for Axioms

Lemma (V vacuous axiom)

Vp—[alp

Truth of an arity 0 predicate symbol p depends only on interpretation /.

@ /interprets p as true: o € [p] for all @, so w € [[a]p] especially.
@ /interprets p as false: o ¢ [p] for all , so p — [a]p vacuously. O

Lemma ([:=] assignment axiom)
[:=] [x:=c]p(x) +> p(c)

pis true of x after assigning the new value c to x (@ € [[x:=c]p(x)])
iff p is true of the new value ¢ (@ € [p(c)])- O
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@ Uniform Substitution
@ Uniform Substitution Application
@ Uniform Substitution Lemmas
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

[au b]p(X) <> [a]p(X) A [b]p(X)

us
[vi=v+1UX =v]x >0 [vi=v+1]x>0A[X =v]x >0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(6) for any 6 by n(0)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
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Uniform Substitution: First-Order Examples

(—p) < p
(==X =xqx>0) ¢ [x =x?]x>0

o={p— ¥ =x%x>0}
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Vx(y>0)<y>0

o={p—y=>0}
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Uniform Substitution: Argument Examples

[x:=c]p(x) <+ p(c)
[x:=x2—1]x>0+x2—1>0

o={c—x*—1,p()— (- >20)}

[x:=c]p(x) <> p(c) o={c—x*—1,p(-) — (- > x)}

[x:=x2—1]x>x+x2—1>x

[x:=clp(x) < p(c) o={c—x2—1,p()—(->)}

[x:=x2—1]x>xcx2—1>x2—1

[x:=c]p(x) «+ p(c)

= 2—1 . >
[x:=x2-1]x>yx2-1>y o={ex=1.p() = (=)}
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Uniform Substitution: Argument Examples

[x:=c]p(x) <+ p(c) — o={c—x*—1,p(:)—(->0)}

[x:=x2=1]x>0+x2—1>0

=cpt) o plo) SRR e

[x:=x2—1]x>x<x2—-1>x
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Uniform Substitution: Argument Examples

[x:=c]p(x) <+ p(c) — o={c—x*—1,p(:)—(->0)}

[x:=x2—1]x>0+x2—1>0

=cpt) o plo) SRR e

[x:=x2—1]x>x<x2—1>x

[x:=c]p(x) <> p(c) —0_ {csx2—1,p() (=)}

[Xx:=x2—1]x> x> x2—1> x2 —

[x:=clp(x) < p(c) [Corieet

o={c—>x*—1,p()~(->y)}
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(6) for any 6 by n(0)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

9
o(9)
provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

us

i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

Uniform substitution o replaces all occurrences of p(60) for any 6 by y(0)
function sym. f(0) for any 6 by n(6)
program sym. a by a

[aU b]p(X) <> [a]p(X) A [b]p(X)
US[v:: VH1UX =V]x >0 [vi=v+1]x>0A[xX =Vv]x >0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

9
o(9)
provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

us

i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

If you bind a free variable, you go to logic jail!

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(0) for any 6 by n(6)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Uniform Substitution: Recursive Application

o(x) = for variable x € ¥
o(f(0)) = for function symbol f € &

for predicate symbol p € ¢

for program symbol a € o

o
L 1 {1 %
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = for function symbol f € &

for predicate symbol p € ¢

for program symbol a € o
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Uniform Substitution: Recursive Application

for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &

for predicate symbol p € ¢

for program symbol a € o
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &
= { = 0(0)}(of())

c(6+n) = o(6)+o(n)

o((6))

o(p(6))

o(@Ay)

o(Vx¢)

o([x]9)

o(a)

)

)

Q)

)

)

)

for predicate symbol p € ¢

for program symbol a € o
o(x:=6
o(xX=60&Q
o(?
o(aUp
o

o(a
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &
= { = 0(0)}(of())
=0(8)+0o(n)
a((8)) = (a(6)) if o ¥ -admissible for 6
= for predicate symbol p € o

for program symbol a € o
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &
“{- > 0(0)}(o(")
o(0+n) = 0(0)+o(n)
a((8)) = (a(6)) if o ¥-admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p € ¢
o(pNy) =
o(Vx¢) =
o([o]9)
o(a)
)
)
Q)
)
)
")

for program symbol a € o
o(x:=6
o(xX=60&Q
o(?
o(aUp
o

o(a
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &
“{- > 0(0)}(o(")
o(0+n) = 0(0)+o(n)
a((8)) = (a(6)) if o ¥-admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p € ¢
(o Ay) =o(9)No(y)
o(Vx¢) =
o([a]9) =
o(a) = for program symbol a € &
)
)
Q)
)
)
")

o(x:=6
o(xX=60&Q
o(?
o(aUB
o(a;p

o(a
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Uniform Substitution: Recursive Application

o(x) =x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &
= {-—0(0)}(o1())
o(0+n) = 0(0)+o(n)
a((8)) = (a(6)) if o ¥ -admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p €
(o ry) =o(9)No(y)
o(Vx¢) = Vxo(9) if o {x}-admissible for ¢
o([a]9) =
o(a) = for program symbol a € &
o(x:=0) =
o(xX =6&Q) =
o(?Q) =
oc(aUpB) =
o(a;p) =
o(a’) =
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &

' 0(8)}(of())

o(6+n) = c(6)+o(n)
a((8)) = (a(6)) if o ¥ -admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p €
(o ry) =o(9)No(y)
o(Vx¢) = Vxo(9) if o {x}-admissible for ¢
o([a]¢) = [o(a)]o(9) if o BV(o(a))-admissible for ¢
o(a) = for program symbol a €
o(x:=0) =
o(x¥=60&Q) =
5(2Q) =
o(aUB) =
o(a;B) =
o(a’) =
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &

' 0(8)}(of())

o(6+n) = c(6)+o(n)
a((8)) = (a(6)) if o ¥ -admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p €
(o ry) =o(9)No(y)
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o([a]¢) = [o(a)]o(9) if o BV(o(a))-admissible for ¢
o(a) = oca for program symbol a €
o(x:=0) =
o(x¥=6&Q) =
5(70) =
o(aUB) =
o(a;B) =
o(a’) =
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Uniform Substitution: Recursive Application

o(x)

I
>

for variable x € ¥

o(f(0)) = (o(f))(o(8)) for function symbol f € &
= { = 0(0)}(of())
o(6+n) = c(6)+o(n)
o((8)) = (a(0)) if o ¥ -admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p €

o(9Ay) =o(9)No(y)
o(Vx¢ Vxo(9)
o([a]9) = [o(a)]o(9)

if o {x}-admissible for ¢
if o BV(o(a))-admissible for ¢

o(x:=0) = x:=0(0)
o(xX=60&Q) =x'=0(0)&0c(Q)
o(?
o(auUp

)
)
)
) =
) =
) =
o(a) = oca
) =
)
Q)
)
( ﬁ)
o)
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Uniform Substitution: Recursive Application

o(x) = x

o(f(9)) = (o(f))(a(8))

' 0(8)}(of())

o(6+n) =o(8)+o(n)
o((6)) = (a(0))

for variable x € ¥
for function symbol f € ©

if o ¥ -admissible for 0

a(p(6)) = (o(p))(a(6))
o(pny) =o(9)Ao(y)
o(Vx¢ Vxo(9)
o([a]¢) = [o(a)]o(¢)

for predicate symbol p € ¢

if o {x}-admissible for ¢
if o BV(o(a))-admissible for ¢

o(x:=0) =x:=0(0)

o(xX=60&Q) =x'=0(0)&0c(Q)
o(? 70(Q)
o(auUp

)
) =
) =
)
) =
)
o(a) =
)
)
Q)
)
( ﬁ)

o)
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &

' 0(8)}(of())
o(6+n) = o(6) +o(n)

a((8)) = (a(6)) if o ¥ -admissible for 6
o(p(0)) = (a(p))(o(0)) for predicate symbol p €
(o ry) =o(9)No(y)
o(Vx¢) = Vxo(9) if o {x}-admissible for ¢
o([a]¢) = [o(a)]o(9) if o BV(o(a))-admissible for ¢
o(a) = oca for program symbol a €
o(x:=0) =x:=0(0)
o(xX'=0&Q) =x'=0(0)&c(Q) if o {x,x'}-admissible for 6, Q
o(?Q) = 70(Q)
o(aUB) = o(a)ua(B)
o(a o ﬁ; =
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Uniform Substitution: Recursive Application

o(x) = x for variable x € ¥
o(f(0)) = (o(f))(o(8)) for function symbol f € &

' 0(8)}(of())

o(6+n)=0(6)+a(n)
a((8)) = (a(6)) if o ¥ -admissible for 6
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Uniform Substitution: Recursive Application

o(x) = x

o(f(9)) = (o(f))(a(8))

' 0(8)}(of())

o(6+n) =o(8)+o(n)
o((6)) = (a(0))

for variable x € ¥
for function symbol f € ©

if o ¥ -admissible for 0

a(p(6)) = (o(p))(a(6))
o(pny) =o(9)Ao(y)
o(Vx¢ Vxo(9)
o([a]¢) = [o(a)]o(¢)

for predicate symbol p € ¢

if o {x}-admissible for ¢
if o BV(o(a))-admissible for ¢

o(x:=6 _X—G( )

o(xX=60&Q) =x'=0(0)&0c(Q)

)

) =

) =

)

) =

)
o(a) = oca

)

)

a(?Q) = 70(Q)
o(aUp) = o(a)uo(p)
(0(6 ﬁ; = o(a);0(B)

(o(a))”

André Platzer (CMU)

for program symbol a € o

if o {x, x"}-admissible for 6, Q

if o BV(o(a))-admissible for B
if o BV(o(a))-admissible for o
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Uniform Substitution: Examples

[x:=c]p(x) <> p(c)

[x:=x+1lx#x < x+1#x o={crx+1.p()(#x)}

[x:=c]p(x) < p(c)
[x :=X2][(y := x+y) Ix=y < [(y == x2+y) |x2>y
o={c—x%p(-) = [(y:=+y)1(- 2 )}

p—[alp

X>O_)[X/:_5]X>O G:{aHX/:—SHD,_)XZ()}

p— [alp

={a—x'=-5p—y>0
y20_>[xl:_5]y20 o {a X 7p y— }
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Uniform Substitution: Examples

[x:=c]p(x) <> p(c)

xext 1 Exoxt1Zx oc={c—x+1,p(")—(-#x)}

[x:=c]p(x) < p(c)
[x :=X2][(y := x+y) Ix=y < [(y == x2+y) |x2>y
o={c—x%p(-) = [(y:=+y)1(- 2 )}

p—[alp

X>O_)[X/:_5]X>O G:{aHX/:—SHD,_)XZ()}

p— [alp

={a—x'=-5p—y>0
y20_>[xl:_5]y20 o {a X 7p y— }
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Uniform Substitution: Examples

! [x:=clp(x) < p(c) ’0-: {ersx+1,p(-) = (- #’

[X:=x+1]x# x> x+1#x !

[x:=c]p(x) <> p(c)
[x :=X2][(y := x+y) Ix=y < [(y == x2+y) |x2>y
o={c—x%p(-) = [(y=+y)1(- 2 )}

p—[alp

X>O_)[X/:_5]X>O G:{aHX/:—SHD,_)XZ()}

p— [alp

= —> /:—5 — >O
y20—>[X,:—5]y20 o {a X 7p y— }
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Uniform Substitution: Examples

[x:=clp(x) < p(c) ’G: {c= x+1,p(-) = (- #x)}

[xi=x+1]x#x < x+1#x

[x:=c]p(x) < p(c)
[x:=Xx2][(y := x+y) Ix=y < [(y == x24y) 2>y
o={c—x%p(-) = [(y:=+y)1( =)}

p—[alp

X>O_)[X/:_5]X>O G:{aHX/:—SHD,_)XZ()}

p— [alp

= —> /:—5 — >O
y20—>[X,:—5]y20 o {a X 7p y— }
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Uniform Substitution: Examples

[x:=clp(x) < p(c) ’G: {c= x+1,p(-) = (- #x)}

[xi=x+1]x#x < x+1#x

[x:=clo(x) «+ p(c) [Comeet

[x = x2][(y = x+y) x>y & [(y = x2+y) |x2>y
o={c—x%p() =y :=+¥)1(2y)}

p—[alp

X>O_)[X/:_5]X>O G:{aHX/:—S’p,_)Xzo}

p— [alp

= —> /:—5 — >0
y20—>[X,:—5]y20 o {a X 7p y— }
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Uniform Substitution: Examples

[x:=clp(x) < p(c) ’G: {c= x+1,p(-) = (- #x)}

X =x+1]x#x > x+1#x

[x:=clo(x) «+ p(c) [Comeet

[x = x2][(y = x+y) x>y & [(y = x2+y) |x2>y
o={c—x%p() =y :=+¥)1(2y)}

T[a]p’ o:{a'—>X/=_57p'_>X—ZO}

Xx>0—[x'=-5]x>0

p— [alp

= —> /:—5 — >0
y20—>[X,:—5]y20 o {a X P y=z }

André Platzer (CMU) LFCPS/18 16/24
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Uniform Substitution: Examples

[x:=clp(x) < p(c) ’G: {c= x+1,p(-) = (- #x)}

[xi=x+1]x#x < x+1#x

[x:=clo(x) «+ p(c) [Comeet

[x = x2][(y = x+y) x>y & [(y = x2+y) |x2>y
o={c—x%p() =y :=+¥)1(2y)}

— [a -
p— ldp c={a—x'=-5p— x>0}

x>0—=[x'=-5]x>0

—a —
p—lap c={a—x'=-5p—y>0}

y>0—=[x'=-5]y>0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

9
o(9)
provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

us

i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

If you bind a free variable, you go to logic jail!

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(0) for any 6 by n(6)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Correctness of Uniform Substitutions

“Syntactic uniform substitution = semantic replacement”

Lemma (Uniform substitution lemma)

Uniform substitution o and its adjoint interpretation o,/ to o for I, @ have the
same semantics:

o< l[o(¢)] iff o € o, l[¢]

¢}—>G )}—>(0€/|[G(¢)]|

\f

o € o, l[d]

oyl(f) : R —R; dw fo[of(-)]

oul(p) ={d€R : @€ I"[op(-)]}
o,l(a)=I[ca]

André Platzer (CMU) LFCPS/18 18/24
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Uniform Substitution
Theorem (Soundness) replace all occurrences of p(-)

¢

provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

Proof.
If premise ¢ valid, i.e. w € I[¢] inall /,®
Then conclusion o(¢) valid, because € I[o(9)] iff @ € o,,/[¢] O
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© Axiomatic Proof Calculus for dL
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Differential Dynamic Logic: Comparison

Part | Part IV
[=] x:=6]9(x) < ¢(6)

UIPx)9 < (x = ¢9)

[V [eUB]¢ < [a]o A[Blg

(][ Blg < [@][Be

[1er]¢ < ¢ A [a][a"]¢

K{a(9 = y) = ([o]¢ — [o]y)

Holg < o n[o"](9 — []9)
V¢ —[a]o
[1 X' =1(x)]¢ < VI=0[x:=y(t)]¢
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Differential Dynamic Logic: Comparison

Part | Part IV
[=] [x:=0]¢(x) <> ¢(6) [:=] [x:=c]p(x) <> p(c)
1 7x]¢ < (x — ¢) 171 [?qlp > (g — p)
(U] [aUBl¢ <> [a]o A[B]¢ (U] [aublp(x) < [a]p(X) A [b]p(X)
L] [ Ble < [a][Ble 1] [a: b]p(X) < [a][b]p(X)
[ er]¢ < ¢ Ala][ar]¢ '] [&]p(x) < p(X) Ala][a*]p(X)

Klal(9 = vw) = ([a]o — [a]y)  Klal(p(X)—q(X)) = ([alp(x) = [alq(X))
Harlg < on[ar](9 —[a]g)  1[a']p(X) < p(x) Ala](p(X) — [a]p(X))

V¢ —[a]¢ Vip—l[alp

[T [x" = 1(x)]¢ <> Vi=0[x:=y(1)]9
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Differential Dynamic Logic: Comparison

Infinite axiom schema Axiom = one formula
[=] [x:=6]9(x) < ¢(6) [:=] [x:=c]p(x) > p(c)
1Pxle < (x—¢) 7] [7qlp < (9 — p)
(U] [aUBJ¢ < [a]¢ A[B]@ U] [aUb]p(X) ¢ [alp(x) A[blp(X)
(] [o: B9 = [a][B]e 1] [a: b]p(x) « [al[b]p(X)
(a9 < ¢ Ala][ar]e [ {alp(x) < p(x) Ala][a]p(X)

Ka(¢ = v) = ([e]e = [e]y) Klal(p(x)—a(X)) — ([alp(X) — [a]a(X))

1610 g0 10) (g " [+ )p(F) 145

Vo —[a]g Vp—lap
11X = 1(x)]¢ < VE=0[x:=y(1)]9
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Example Proof

[ J(x)F[(vi=2Uv:=x);x = v]x>0
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Example Proof

oc={a—(v:=2Uv:=x),b— X' =v,p(X)— x >0}

[2; b]p(X) ¢ [a][b]p(X)
Bl(v:i=2uvi=x);x = v]x>0 & [(v:i=2Uv:=x)][x = v]x>0

[U]j(x) Flv:=2Uv:=x][x' = v]x>0
[ J(X)F[(vi=2Uv:=x);x = v]x>0
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Example Proof

c={a—v:=2,b— v:=x,p(X) =[x =v]x >0}

[aU b]p(X) ¢ [a]p(X) A [b]p(X)
v:=2Uv:=x|[x'=v]x>0 ¢ [v:=2][x = v]x>0A[v:=x][x'=v]x>0

Ub[

it F v =2]lX = Vx>0 [v = H][X = v]x>0
[ J(x) F [v:=2Uv:=x][x = v]x>0
[ J(x)F[(vi=2Uv:=x);x = v]x>0
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Example Proof

o={c—2,p(:)— [xX'=]x>0} | o ={cw x,p(-) — [x'=]x>0}

[v:=c]p(v)  p(c) [v:=c]p(v)  p(c)
[v:=2][xX'=Vv]x>0 + [x'=2]x>0 [v:=x][X'=v]x>0 < [x'=x]x>0

[::Jj(X) F [V:éZ][X/ :~V]X>0/\ [Vé;i[;7 .:"V]X>0
U]j(x) Flv:i=2Uv:=x][x' = v]x>0
1 J(X)E[(v:i=2Uv:i=x);x" = v]x>0

André Platzer (CMU) LFCPS/18 21/24


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_18
http://lfcps.org/lfcps/

Example Proof

o={c—2,p(:)— [xX'=]x>0} | o ={cw x,p(-) — [x'=]x>0}
v =clp(v) & p(c) v=clp(v) pc)  *
[v:=2][xX'=Vv]x>0 + [x'=2]x>0 [v:=x][X'=v]x>0 < [x'=x]x>0

JX)E X =2]x>0A[v:=x][x' = v]x>0
i) F [vi=2)[X = Vx>0 A [v:i=x][x = v]x>0
[U]j(x) Flv:i=2Uv:=x][x' = v]x>0
i) F [(vi=2Uvi=x);x' = v]x>0
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Example Proof

oc={c—v,p(-)—->0} v can’'t have ODE

[x' = c]p(x) < Vt>0[x:=x+ct]p(x)
X = v]x>0 & V>0 [x := x+vi]x>0

i) B V0 [x = x421] x>0 A [v:= x]VE>0 [x := x4 vi]x>0
]j ) [X =2]x>0A[v:=x][x = v]x>0

(
(
i) F vi=2][X = Vx>0 A [vi=x][xX = v]x>0
(
(

>

"y x)F [v:i=2Uv:=x][x' = v]x>0
[]

J(X)E[(v:i=2Uv:i=x);x' = v]x>0
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Example Proof

o={c— x,p(-) = Vt>0[x:=x+(-)t]x>0}

[v:=c]p(v) < p(c)
vi=x]Vt>0[x = x+vi]x>0 <> V>0 [x := x+xt|x>0

Ub[

j(x) F Vt>0x42t>0 AVt>0[x := x+xt]x>0

[=];
F X) F V>0 [x :=x+2t]x>0 A [v:=x]Vt>0 [x := x+vi]x>0
Vi) F [ = 2]x>0A[v:=x][x = v]x>0

(
(
i(

E j(x) F [v:=2][¥ = v]x>0A[v:=x][x' = v]x>0
S
(

>

x

[=];
j x)F[v:i=2Uv:=x][x' = v]x>0
[]

J(X)E[(v:i=2Uv:i=x);x" = v]x>0
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Example Proof

o ={c— x+xt,p(-) — ->0}

[x:=clp(x) + p(c)
X = X+xt]x>0 > x+xt>0

Ub[

J(x) FVt>0x4+2t>0 AVt>0 x+xt>0
j(x) F Vt>0x+42t>0 AVt>0[x := x+xt]x>0

(%)

[ J-( )
[ lj(x) b VE=0[x 1= x+2t]x>0 A [v:= x]Vt>0 [x := x+vi] x>0
Vi) F [ = 2]x>0A[v:=x][x = v]x>0
(%)
(%)
(%)

i) F [vi=2)[X = Vx>0 A [vi=x][x = v]x>0
i)+ [vi=2Uv:=x][x = v]x>0
L) F[(v:i=2Uv:i=x);x' = v]x>0
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Example Proof

J(x) F Vt>0x+2t>0 AVt>0 x+xt>0
[::Jj(x) F Vt>0x+2t>0 AVE>0[x := x+xt]x>0
[::Jj(x) F V>0 [x :=x+2t]x>0 A [v:=x]Vt>0 [x := x+vi]x>0
Vi) F [ = 2]x>0A[v:=x][x = v]x>0
(%)
(x)
(%)

i) F [vi=2)[X = Vx>0 A [vi=x][x = v]x>0
i) F [vi=20v:i=x][x = v]x>0
]

JX)E[(v:i=2Uv:i=x);x" = v]x>0
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Example Proof

Summarize:
J(x) F Vt>0x+42t>0 AVt>0x+xt>0

JX)F[(v:i=2Uvi=x);x ' =v]x >0
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Example Proof

Summarize:
J(x) F Vt>0x42t>0 AVt>0x+xt>0

Jj(x)F[(v:i=2Uv:=x);x' =v]x >0

Using o = {j(-) — ->0} on above derived rule proves:
*

R x> OFVt>0x+2t>0AVt>0x+xt >0
xS0k [(vi=2Uvi=x);x = v]x >0
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© summary
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Axiom vs. Axiom Schema: Philosophy Affects Provers

v
v
v
v
v
v
X
v
v
v
X

Soundness easier: literal formula, not instantiation mechanism

An axiom is one formula. Axiom schema is a decision algorithm.
Generic formula, not some shape with characterization of exceptions
No schema variable or meta variable algorithms

No matching mechanisms / unification in prover kernel

No side condition subtlety or occurrence pattern checks (per schema)
Need other means of instantiating axioms: uniform substitution (US)
US + renaming: isolate static semantics

US independent from axioms: modular logic vs. prover separation
More flexible by syntactic contextual equivalence

Extra proofs branches since instantiation is explicit proof step
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Axiom vs. Axiom Schema: Philosophy Affects Provers

v
v
v
v
v
v
X
v
v
v
X

Soundness easier: literal formula, not instantiation mechanism

An axiom is one formula. Axiom schema is a decision algorithm.
Generic formula, not some shape with characterization of exceptions
No schema variable or meta variable algorithms

No matching mechanisms / unification in prover kernel

No side condition subtlety or occurrence pattern checks (per schema)
Need other means of instantiating axioms: uniform substitution (US)
US + renaming: isolate static semantics

US independent from axioms: modular logic vs. prover separation
More flexible by syntactic contextual equivalence

Extra proofs branches since instantiation is explicit proof step

Y. Net win for soundness since significantly simpler prover
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Differential Dynamic Logic: Comparison

Part | Part IV
[=] [x:=0]¢(x) <> ¢(6) [:=] [x:=c]p(x) <> p(c)
1 7x]¢ < (x — ¢) 171 [?qlp > (g — p)
(U] [aUBl¢ <> [a]o A[B]¢ (U] [aublp(x) < [a]p(X) A [b]p(X)
L] [ Ble < [a][Ble 1] [a: b]p(X) < [a][b]p(X)
[ er]¢ < ¢ Ala][ar]¢ '] [&]p(x) < p(X) Ala][a*]p(X)

Klal(9 = vw) = ([a]o — [a]y)  Klal(p(X)—q(X)) = ([alp(x) = [alq(X))
Harlg < on[ar](9 —[a]g)  1[a']p(X) < p(x) Ala](p(X) — [a]p(X))

V¢ —[a]¢ Vip—l[alp

[T [x" = 1(x)]¢ <> Vi=0[x:=y(1)]9
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Uniform Substitution for Differential Dynamic Logic

: : : : ~
differential dynamic logic ¢ o~
« N
dL =DL+HP us o(9) [ofe Q‘vL.oz‘_; ¢
VL\"A
@ Uniform substitution
~+ axioms not schemata
@ Modular: Logic || Prover KeYmaera X
: : o et pois e n o
@ Straightforward to implement S —— =
Py PrOVer microkel’nel Propositional - Hybrid Programs -~ Differential Equations -
@ Sound & complete / ODE e
@ Fast contextual equivalence T et et o b0

> b x20Av20 - [f=x+; U {K'=vatruel}] x20
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Uniform Substitution of Rules and Proofs

p(x)
[alp(x)
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Uniform Substitution of Rules and Proofs

p(x) - x*>0
[a]o(X) PSS =X+ 1, (X = xUx' = —2)]x2 > 0

Theorem (Soundness)

o(¢1) ... o(¢n)
o(y)

¢

T(p" locally sound  implies

locally sound
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Uniform Substitution of Rules and Proofs

p(x) - x*>0
[a]o(X) PSS =X+ 1, (X = xUx' = —2)]x2 > 0

Theorem (Soundness)

o(¢1) ... o(¢n)
o(y)

¢

T(p" locally sound  implies

Locally sound

The conclusion is valid in any interpretation / in which the premises are.

locally sound
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Uniform Substitution of Rules and Proofs

P) implies x>0
[a]lp(X) x:=x+1,(x =xUx"=-2)]x2 >0
f()=90)
2 p(0) < ple)

Theorem (Soundness)

o(¢1) ... o(¢n)
o(y)

¢

T(P" locally sound  implies

Locally sound

The conclusion is valid in any interpretation / in which the premises are.

locally sound
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Uniform Substitution of Rules and Proofs

PX) implies x20
[a]o(X) PSS =X+ 1, (X = xUx' = —2)]x2 > 0
f() =9() . 2x —x =X
) e p@)) ™ W= vex - x= 06 X = Vix=0

Theorem (Soundness)

o(¢1) ... o(¢n)
o(y)

¢

T(P" locally sound  implies

Locally sound

The conclusion is valid in any interpretation / in which the premises are.

locally sound
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ﬂ Differential Axioms
@ Differential Equation and Differential Axioms
@ Differential Substitution Lemmas
@ Contextual Congruences
@ Static Semantics
@ Summary
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Axiom Schema Side Conditions: ODE Solving

[ ¥ = 6]¢ <> Vi=0[x:=y(1)]¢

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: y(-) solves the ODE y'(t) = 6
with y(-) plugged in for x in term 6

© Initial value check: y(-) solves the symbolic IVP y(0) = x
@ y(-) covers all solutions parametrically
@ x’ cannot occur free in ¢

Quite nontrivial soundness-critical side condition algorithms ...
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(6) for any 6 by n(0)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Differential Invariants for Differential Equations

QtE [x = f(x)](P)
P [x' =f(x)& QP

PE[X =f(x)&Q|C PF [x' =f(x)& QAC]P
P+ [x' =f(x)&Q|P

P+ 3dyG Gk [xX =1f(x),y =9(x,y)& Q|G
PE [x' =f(x)&Q]P

if new y’ = g(x, y) has long enough solution
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Differential Equation Axioms & Differential Axioms

DW [x' = f(x) & q(x)]p(x) ¢ [x' = f(x) & q(x)] (q(x) = p(x))
DI ([ = f(x) & q(x)]p(x) <> [2a(x)]p(x)) « X' = F(x) &q()](p(x))’

e (K =f(x)&a(x)]p(x) & [X' = (x) & gO)Ar(x)]p(x))
X' = 1(x) & q(x)]r(x)

DE [X" = f(x) & q(x)]p(x, x") <= [x" = f(x) & q(x)][x":= f(x)]p(x, X')
DG [x' = f(x) & q(x)]p(x) < Ty [x' = f(x),y’ = a(x)y+b(x) & q(x)]p(x)
DS [x' = c&q(x)]p(x) > V>0 ((VO<s<tq(x+cs)) — [x :=x+ct]p(x))
+(f(x)+9(x)) = (f(x)) + (g(x))

Y (R)-9(R) = ((R)Y - 9(R)+1(R) - (9(R))’

d(c)=0
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Differential Equation Axioms »

Axiom (Differential Weakening) (JAR’17)

DW [x" = f(x) & q(x)]p(x) ¢ [x' = f(x) & q(x)](q(x) = p(x))

X 0 —q(x)

x' = f(x)&q(x)

Differential equations cannot leave their evolution domains. Derives from:

DW [x' = f(x) & q(x)]q(x)
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Differential Equation Axioms »

(JAR'17)

Axiom (Differential Cut)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)

,,,,,,,,

ot
x' = f(x)&q(x) IIIUUIUIUIS

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms »

(JAR'17)

Axiom (Differential Cut)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)

,,,,,,,,

........

,,,,,,,,,

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms »

(JAR'17)

Axiom (Differential Cut)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)

,,,,,,,,

........
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X'=f(x)&q(x) TN

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms »

(JAR'17)

Axiom (Differential Cut)
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Differential Equation Axioms »

Axiom (Differential Cut) (JAR’17)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)

X PO —_——

,,,,,,,,
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,,,,,,,,,

X'=f(x)&q(x) TN

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms »

Axiom (Differential Cut) (JAR’17)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)

x' = f(x)&q(x)

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms »

Axiom (Differential Cut) (JAR’17)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)

x' = f(x)&q(x)
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Differential Equation Axioms »

(JAR'17)

Axiom (Differential Cut)
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Differential Equation Axioms »

Axiom (Differential Cut)

(JAR'17)

e (X =100 &a(x)lp(x) & [ = f(x) & q(x)Ar(x)lp(x))
X' =1(x) &q(x)]r(x)
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Differential Equation Axioms

Axiom (Differential Invariant) (JAR’17)
DI ([x' = f(x) & q(x)]p(x) > [2q(x)]p(x)) « [¥' = f(x) & q(x)](p(x))

x' = f(x)&q(x)

Differential invariant: if p(x) true now and if differential (p(x))’ true always
What'’s the differential of a formula???
What's the meaning of a differential term .. .in a state???
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Differential Equation Axioms

Axiom (Differential Effect) (JAR’17)
DE [x" = f(x) &q(x)]p(x, X) ¢ [x = f(x) & q(x)][x":= f(x)]p(x, X")

Effect of differential equation on differential symbol x’
[x":=f(x)] instantly mimics continuous effect [x" = f(x)] on x’
[x":=f(x)] selects vector field x’ = f(x) for subsequent differentials
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Differential Equation Axioms »

Axiom (Differential Ghost) (JAR’17)

DG [x' = 1(x) & q(x)]p(x) ¢ 3y [x" = f(x),y" = a(x)y+b(x) & g(x)]p(x)

— t
SV

y' = a(x)y +b(x) 0

/Nt

Differential ghost/auxiliaries: extra differential equations that exist
Can cause new invariants
“Dark matter” counterweight to balance conserved quantities
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Differential Equation Axioms »

Axiom (Differential Solution) (JAR’17)

DS [x' = c&q(x)]p(x) +» V>0 ((VO<s<tq(x+cs)) — [x:=x+ct]p(x))

t T 0 r
x' = f(x)&q(x) x'=c&q(x)

Differential solutions: solve differential equations
with DG,DC and inverse companions
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Example: Differential Invariants  Don’t Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

© DE exports vector field, possibly after DW exports evolution domain
@ CE+CQ reason efficiently in Equivalence or eQuational context

© G isolates postcondition

@ [:=] differential assignment uses vector field

© '/ differential computations are axiomatic (US)
*

(f(x)-9(%)) = (1(%))-g(X)+(X)-(g(X))
o e = () xe(x)
"XS'X-l-X'XsZO (X'X)/:X/'X+X'X/

=T X :=x3|x" x+x-x'>0 ca (xx) >0 X' x+xx">0
C I =X =X x+xx' >0 (xx=>1) = XX+ xx >0

o F X = x3|[X = x8](x-x > 1)

o Fx' = x%](x-x>1)

V! xx>1F[x =x3x-x>1
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Differential Substitution Lemmas

Lemma (Differential lemma)

If = x' = f(x) A Q for duration r > 0, then forall0 < § <r:

ISTREGHER o 7){(0y] = 22OIE () <A

Lemma (Differential assignment)

Ifol=x"=f(x)ANQthen @ = ¢ < [xX :=1(x)]¢

Lemma (Derivations)

(F(x) +9(x))" = (F(x))' + (a(x))
(f(x)- (%)) = (f(x))"- g(X) + 1(X) - (a(x))’

(c)=0 for arity 0 functions ¢
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Differential Substitution Lemmas

Lemma (Differential lemma)

If o = x" = f(x) A\ Q for duration r > 0, then forall0 < § <r:

ISTREGHER o 7){(0y] = 22OIE () <A

Lemma (Differential assignment)

Ifol=x"=f(x)ANQthen @ = ¢ < [xX :=1(x)]¢

Lemma (Derivations)

(6+n) =(6)+(n)
(6-m)' =(6)"n+6-(n)
(c) =0 for arity 0 functions ¢
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Differential Equation Axioms & Differential Axioms

DW [x' = f(x) & q(x)]p(x) ¢ [x' = f(x) & q(x)] (q(x) = p(x))
DI ([ = f(x) & q(x)]p(x) <> [2a(x)]p(x)) « X' = F(x) &q()](p(x))’

e (K =f(x)&a(x)]p(x) & [X' = (x) & gO)Ar(x)]p(x))
X' = 1(x) & q(x)]r(x)

DE [X" = f(x) & q(x)]p(x, x") <= [x" = f(x) & q(x)][x":= f(x)]p(x, X')
DG [x' = f(x) & q(x)]p(x) < Ty [x' = f(x),y’ = a(x)y+b(x) & q(x)]p(x)
DS [x' = c&q(x)]p(x) > V>0 ((VO<s<tq(x+cs)) — [x :=x+ct]p(x))
+(f(x)+9(x)) = (f(x)) + (g(x))

Y (R)-9(R) = ((R)Y - 9(R)+1(R) - (9(R))’

d(c)=0
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Example: Differential Invariants  Don’t Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

© DE exports vector field, possibly after DW exports evolution domain
@ CE+CQ reason efficiently in Equivalence or eQuational context

© G isolates postcondition

@ [:=] differential assignment uses vector field

*
B8 xtxx®¥>0 xx) =X x+xx
TR =8 x4+ xx' >0 S0 (x>0 X x L xx >0
C I =3 =X x+x x>0 (xx > 1) = XX+ xx >0
o F X = x3[X = x8](x-x > 1)
o Fx' = x%](x-x>1)
ol xx>1F[x =x3x-x>1
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Example: Contextual Congruence Reasoning by US

) =90
cQ
p(f()) < p(9())
(x-x)=x"x+x-x
Co(x-x)’ >0 X - x+x-x'>0
oF P+ Q
C(P)+ C(Q)

(x-x>1) < x x+x-x'>0
CE[x’ =x3)[x:=x8](x x> 1) < [¥X =x3|[x :=x3]|x" - x+x-x' >0
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Example: Contextual Congruence Reasoning by US
f()=90)

cQ

p(f()  p(g())

(x-x)=x"x+x-x
ca
(x-x)>04>x"-x+x-x'>0

with o~ {p(-)—->0,f)— (x-x),9() — x" - x+x-x"}

P+ Q

CF C(P)+ C(Q)

(x-x>1) < x x+x-x'>0
CE[x’ =x3)[x:=x8](x x> 1) < [¥X =x3|[x :=x3]|x" - x+x-x' >0

with o~ {C() — [x'=x3|[x:=x3]_,P+ (x:x > 1), Q> x"-x+x-x' > 0}
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Example: Differential Invariants Parametric »

° Fx' = x3][x = x3](x-x > 1)
PE F X = x3](x-x > 1)

André Platzer (CMU)

x-x >1F[x = x3x-x > 1
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Example: Differential Invariants Parametric »
@ Free function j(x, x’) for parametric differential computation

R =3 =x%j(x,x) >0 (xx>1) < j(x,x') >0
° Fx' = x3][x = x3](x-x > 1)
PE F X = x3](x-x > 1)

bl x-x >1F[x = x3x-x > 1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[:=] to isolate differentially substituted postcondition

E = xj00x) 20
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[:=] to isolate differentially substituted postcondition

Fj(x.x®) >0
= xi(x.x) > 0
I =3 =x%j(x,x') >0 (xx>1) < j(x,x') >0
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DI
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[:=] to isolate differentially substituted postcondition
@ Construct parametric j(x, x") by axiomatic differential computation

Fj(x,x*) >0
T X=xi(xx) >0 “Uxx) 2065 j(x,x) 2 0
I =3 =x%j(x,x') >0 (xx>1) < j(x,xX)>0
CF Fx' = x3][x = x3](x-x > 1)
o F X =x%(ex > 1)
DI
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[:=] to isolate differentially substituted postcondition
@ Construct parametric j(x, x") by axiomatic differential computation

Fi(x,x*) >0 (x-x) =j(x,x")
TR =20, x) > 0 SUx) =0 6 j(xx) >0
I =3 =x%j(x,x') >0 (xx>1) < j(x,xX)>0
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DI
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[:=] to isolate differentially substituted postcondition

@ Construct parametric j(x, x") by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x"-x+x-x"}

Fj(x,x*) >0 (x-x) =j(x,x")
=T [x' ::XS]j(X,X’) >0 CQ(X-X)' >0 j(x,x)>0
I =3 =x%j(x,x') >0 (xx>1) < j(x,xX)>0

CF Fx' = x3][x = x3](x-x > 1)
PE F X = x3](x-x > 1)
bl xx>1F X =x3x-x >1

B xdx+xx3>0 x (x-x) = x"x+xx'

USR

xx>1F[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[:=] to isolate differentially substituted postcondition
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[:=] to isolate differentially substituted postcondition

@ Construct parametric j(x, x") by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x"-x+x-x"}

Fj(x,x®) >0 (x-x) = j(x.x")
=T X :=x]j(x.x') >0 CUxx) >0 j(x.x) >0
I =3 =x%j(x,x') >0 (xx>1) < j(x,xX)>0
CF Fx' = x3][x = x3](x-x > 1)
PE F X = x3](x-x > 1)
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Example: Differential Invariants Parametric

@ Free function j(x, x") for parametric differential computation

@ Again G,[:=] to isolate differentially substituted postcondition

@ Construct parametric j(x, x") by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x"-x+x-x"}
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USR
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Example: Differential Invariants Parametric

@ Free function j(x, x") for parametric differential computation

@ Again G,[:=] to isolate differentially substituted postcondition
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Fi(x,x*) >0 (x-x) =j(x,x")
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(f(x)-9(x))" = (f(x))"-9(X) + 1(X)-(9(x))'
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Example: Differential Invariants Computation »

o - I = X3 =% (x> 1)
o F X =X (xex > 1)
xx>1F[x =x3x-x>1

DI
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Example: Differential Invariants Computation »

@ Start with identity differential computation result

X
C1
o - I = X3 =% (x> 1)
P F X = x3](x-x > 1)
DI

xx>1F[x =x3]x-x>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

X
C1
Ct - I = X3 =% (x> 1)
o F X = x3](x-x > 1)
DI

xx>1F[x =x3x-x>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves
@ Construct differential computation result forward by -’

() = ()

(xx) = () x +x-(x)f

X

cl
o Fx' = x3[x = x3](x-x > 1)
o Fx' = x3](x-x>1)
DI

xx>1F X' =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves
@ Construct differential computation result forward by - x’

F X)) = (xx)

(xx) = () x +x-(x)f

* (x-x) =x"x+x-x'

cl
cF F X = x3|[X = X8| (x-x > 1)
" Fx' = x3](x-x>1)
DI

xx>1F X' =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves
@ Construct differential computation result forward by - x’
© Embed differential computation result forward by CT

(x- X)’ (x-x)'

(x-x) = (x)-x+x-(x)
(x-x) =x""x+x-x'
CI(X-x)’20<—>x-x+x-x >0

X

o Fx' = x3[x = x3](x-x > 1)
o Fx' = x3](x-x>1)

xx>1F X' =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

© Construct differential invariant computation result forward accordingly

*

(x-x)" = (x-x)’

(x-x)" = (x)'x+x-(x)’

(x-x) =x""x+x-x'

C'(X-x)’ >0 x' x+xx >0
(xx>1) o x'x+xx'>0

R

!

X/

o Fx' = x3][x = x3](x-x > 1)
P Fx' = x3](x-x>1)

xx>1F X' =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

© Construct differential invariant computation result forward accordingly

@ Resume backward proof with result computed by forward proof right
%

B Oex) = (ex)
) = () x e xe(x)
(x-x) =x"x+x-x'
“(xx) >0 X x+xx >0
X =X3X = x3X x4x x>0 (xx=1) < X x+xx >0

X/

o Fx' = x3[x = x3](x-x > 1)
o Fx' = x3](x-x>1)

xx>1F[x =x3x-x>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

© Construct differential invariant computation result forward accordingly

@ Resume backward proof with result computed by forward proof right
%

F ) = (xx)
) = () xxe(x)
(x-x) =x"x+x-x'
TE Y = x+xx' >0 “xx) >0 X x+xx >0
X =X3X = x3X x4x x>0 (xx=1) < X x+xx >0

X/

o Fx' = x%][x = x3](x-x > 1)
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

© Construct differential invariant computation result forward accordingly

@ Resume backward proof with result computed by forward proof right
%

R (x-x)" = (x-x)’

L (ex) = () x+xe(x)

FEXRx+xx®3>0 T (xex) =X X+ xX
TR =X x xex' >0 “Txx) >0 X x+xx >0
X =X3X = x3X x4x x>0 (xx=1) < X x+xx >0
CF Fx' = x%][x = x3](x-x > 1)
" Fx' = x3](x-x>1)
DI

xx>1F[x =x3x-x>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

© Construct differential invariant computation result forward accordingly

@ Resume backward proof with result computed by forward proof right
%

R (x-x)" = (x-x)’

!

. o) = () x (3
FEXRx+xx®3>0 T (xex) =X X+ xX
TR =X x xex' >0 “Txx) >0 X x+xx >0
X =X3X = x3X x4x x>0 (xx=1) < X x+xx >0

CF Fx' = x%][x = x3](x-x > 1)

" Fx' = x3](x-x>1)

DI

xx>1F[x =x3x-x>1
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

9
o(9)
provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

us

i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

If you bind a free variable, you go to logic jail!

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(0) for any 6 by n(6)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)
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Correctness of Static Semantics

Lemma (Bound effect lemma) (Only BV(+) change)

If (0, v) € [a], then ® = v on BV(a)".

Lemma (Coincidence lemma) (Only FV(-) determine truth)

Ifo=a& onFV(O)and!=Jonx(0),then [60] = d[6]
Ifo =& on FV(¢) o € [¢] iff @ € J[9]
on BV(a)"

Z
()

on V2 FY(«) ||

\%
||on VUMBY(c)
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Correctness of Static Semantics

Lemma (Bound effect lemma) (Only BV(-) change)

If (0, v) € [a], then ® = v on BV(a)".

Lemma (Coincidence lemma)
Ifo=a& onFV(O)and|=Jonx(0), then

Ifo =@ on FV(¢) o € [¢] iff & € J[9]
on BV(a)"
Z
w \%
e Fv(a)|| ||on VUMBV(a)
® --Se ¥
\\3_/
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Differential Dynamic Logic dL: Static Semantics

FV((8)) =
FV(p(6,...,6)) =
FV(¢ Ay) =

FV(Vx¢9) =FV(3x9) =
FV([a]9) = FV({a)¢) =
FV(a) =

FV(x:=0) =

FV(?Q) =

FV(xX' =0&Q) =
FV(aUB) =

FV(a;B) =

FV(a*) =
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http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_18
http://lfcps.org/lfcps/

Differential Dynamic Logic dL: Static Semantics

FV((6)") = FV(6)

(6
FV(p(6s,...,6k)) = FV(9 YU---UFV(6)
FV(‘P/\‘I/) FV(¢)UFV(y)
FV(Vx¢) = FV(qub) =FV(9)\{x}
FV([a]9) = FV({a)¢) = FV(a) U(FV(¢)\ BV(a))

FV(a) =7 for program symbol a
FV(x:=80) =FV(0)
FV(?Q) = FV(Q)
FV(x' =0&Q)={x}UFV(0) UFV(Q)
FV(aUB) =FV(ax)UFV(B)
FV(ar; B) =FV(a) U(FV(B)\ BV(cx))
FV(a*) = FV(a)
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Differential Dynamic Logic dL: Static Semantics

FV((6))=FV(6)UFV(6) caution

(6
FV(p(6s,...,6k)) = FV(9 YU---UFV(6)
FV(¢A v) =FV(¢)UFV(y)
FV(Vx¢) = FV(3x¢) =FV(9)\{x}
FV([a]o) =FV({a)¢) =FV(a)U(FV(9) \MBV(x)) caution

FV(a) =7 for program symbol a
FV(x:=6)=FV(0)
FV(?Q) = FV(Q)
FV(x' =0&Q)={x}UFV(0) UFV(Q)
FV(aUB) =FV(ax)UFV(B)
FV(a;B)=FV(a)U(FV(B)\MBV(a))  caution
FV(a*) = FV(a)
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Differential Dynamic Logic dL: Static Semantics

BV(6 >n)=BV(p(6:,...,6()) =
BV(o Ny) =

BV(Vx¢) =BV(Ix9) =
BV([x]9) =BV({e)¢) =

BV(a) =

BV(x:=0) =

BV(?Q) =

BV(x¥ =6&Q) =
BV(aUB)=BV(a;B) =

BV(a*) =
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Differential Dynamic Logic dL: Static Semantics

BV(6 >n)=BV(p(64,...,6()) =0
BV(¢ Ay) =BV(¢)UBV(y)
BV(Vx¢) =BV(Ix¢) ={x} UBV(9)
BV([a]¢) = BV((a)¢) = BV(a) UBV(9)
BV(a) =¥ for program symbol a
BV(x:=0)={x}
BV(?Q) =0
BV(x' =0&Q) ={x,x"}
BV(axUpB)=BV(ax;B) =BV(a) UBV(S)
BV(a*) = BV()
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Differential Dynamic Logic dL: Static Semantics

BV(6 >n)=BV(p(64,...,6()) =0
BV(¢ Ay) =BV(¢)UBV(y)
BV(Vx¢) =BV(Ix¢) ={x} UBV(9)
BV([a]¢) = BV((a)¢) = BV(a) UBV(9)
BV(a) =¥ for program symbol a
BV(x:=0)={x}
BV(?Q) =0
BV(x' =0&Q) ={x,x"}
BV(axUpB)=BV(ax;B) =BV(a) UBV(S)
BV(a*) = BV()
MBV(a) =
MBV(a) =
MBV(atUB) =
MBV(a;B) =
MBV(a*) =
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Differential Dynamic Logic dL: Static Semantics

BV(6 >n)=BV(p(64,...,6()) =0
BV(¢ A y) =BV(¢)UBV(y)
BV(Vx¢) =BV(Ix¢) ={x} UBV(9)
BV([a]¢) =BV((a)¢) = BV(ax) UBV(9)
BV(a) =¥ for program symbol a
BV(x:=0)={x}
BV(?Q) =0
BV(x' =0&Q) ={x,x"}
BV(axUpB)=BV(ax;B) =BV(a) UBV(S)
BV(a*) = BV()
MBV(a) =0 program symbol a
MBV(a) = BV(a) other atomic HPs o
MBV(ctU ) =MBV(a) NMBV(p)
MBV/(a:; B) = MBV(a) UMBV(f)
MBV(a*) =0
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Correctness of Static Semantics

Lemma (Bound effect lemma) (Only BV(-) change)

If (0, v) € [a], then ® = v on BV(a)".

Lemma (Coincidence lemma)
Ifo=a& onFV(O)and|=Jonx(0), then

Ifo =@ on FV(¢) o € [¢] iff & € J[9]
on BV(a)"
Z
w \%
e Fv(a)|| ||on VUMBV(a)
® --Se ¥
\\3_/
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)
0
o(9)
() )= 0 for each operation ®(0) in ¢

us

provided(FV(o' 5

S N— S N—
i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

If you bind a free variable, you go to logic jail!

Uniform substitution o replaces all occurrences of p(0) for any 6 by y(6)
function sym. f(0) for any 6 by n(6)
program sym. a by a

Us [aU b]p(X) <> [a]p(X) A [b]p(X)
[vi=v4+1UX =Vv[x>06 [v:i=v+1]x>0A[X =v]x>0
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Differential Equation Axioms & Differential Axioms

DW [x' = f(x) & q(x)]p(x) ¢ [x' = f(x) & q(x)] (q(x) = p(x))
DI ([ = f(x) & q(x)]p(x) <> [2a(x)]p(x)) « X' = F(x) &q()](p(x))’

e (K =f(x)&a(x)]p(x) & [X' = (x) & gO)Ar(x)]p(x))
X' = 1(x) & q(x)]r(x)

DE [X" = f(x) & q(x)]p(x, x") <= [x" = f(x) & q(x)][x":= f(x)]p(x, X')
DG [x' = f(x) & q(x)]p(x) < Ty [x' = f(x),y’ = a(x)y+b(x) & q(x)]p(x)
DS [x' = c&q(x)]p(x) > V>0 ((VO<s<tq(x+cs)) — [x :=x+ct]p(x))
+(f(x)+9(x)) = (f(x)) + (g(x))

Y (R)-9(R) = ((R)Y - 9(R)+1(R) - (9(R))’

d(c)=0
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Differential Dynamic Logic with Interpretations: Semantics

Definition (Term semantics) ([1:Trm — (= R))

o[f(61.....60)] = I(f)(w[61],...,0[6]) I(f): RX — R smooth
o[(6)] = Y o() 1 (a)

Definition (dL semantics) (I-] : Fml — ()

[p(61,..-, 001 = {o : (0[61],...,0[6d) € i(p)} I(p) CR
[()9] = [e][¢]

P valid iff @ € [P] for all states ® of all interpretations /

Definition (Program semantics)

[a]l = I(a) I(a) C xS
[X' = ()& Q] = {(#(0)[,ye. @(r) : ¢ =X =1(x)AQ}
[eeuB] = [e]UIA]
[ B] = [e][A]
[e] = ([o1)" = Upen[0"]
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Differential Dynamic Logic with Interpretations: Semantics

Definition (Term semantics) ([-]:Trm— (< —R))
o[x] = o(x) for variable x € 7
o6 +n] = o[6] +o[n]
of6-n] = o6]- o[n]
o[f(61....,60)] = I(F)(@[61],...,0[6])  I(f) : R¥ — R smooth
ol(6)] = ¥ o() 1 ()

X

Definition (dL semantics) ([-]: Fml — @(%))
[p(6:,....60)] = {o : (@[6:],...,0[6]) € I(p)} I(p) CR¥
[(e)9] = [e] o [¢]
[[x]¢] = [~()~¢]

Definition (Program semantics) ([-]: HP — (.7 x %))
[a] = I(a) I(a) C /xS
¥ =1(x)& Q] = {(@(0)[(ye,0(r)) : @ = x' =1(x)AQ}
[[aUﬁ]I I[a]l U I[ﬁ]l
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Differential Dynamic Logic with Interpretations: Semantics

Definition (Term semantics) ([-]:Trm— (< —R))
o[f(61....,60)] = I(f)(@[61],...,o[6]) I(f): RX — R smooth

ol(6)1 = Y o() 1 (a)

Definition (dL semantics)
[9>n] = {0 : o[6] > o]}
[p(61.....66)] = {o : (wf6i],...,0[6]) € /(p)} I(p) CR"
[-6] = ([¢])°
[oAnvl = [elN[vl
[Bx¢] = {we.”: of €[¢] for some r € R}
[(a)9] = [a] o[¢] ={w : v € [¢] for some v (@,v) € [o] }
[[e]o] = [(x)—¢] ={w : ve[¢]foralv (w,v) € [a]}

Definition (Program semantics) ([']1 : HP = (.7 x )
[a] = I(a) I(a) C /xS
[x' = f(x )&C?]I = {(@(0) (12, 0()) : o= X' =f(x)AQ}
0 [R]
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Differential Dynamic Logic with Interpretations: Semantics

Definition (Term semantics) ([-]:Trm— (< —R))
o[f(61....,60)] = I(f)(@[61],...,o[6]) I(f): RX — R smooth

ol(6)1 = Y o() 1 (a)

Definition (dL semantics)

[p(61,...,0k)] = {@ : (0[6:];...,0[6]) € I(p)} I(p) CR¥
[()9] = [ o [¢]
[lx]e] = [~(e)=¢]

Definition (Program semantics) ([-]1: HP — (.7 x .¥))
I(a) C /xS
[x:=0] = {(w,v) : v=mexcept v[x] = o[0]}
[7’Q] = {(0,0) : ©<[Q]}
[¥' = f(x)& Q] = {(@(0)l e, @(r)) - @ =X =H(x)AQ}
[euB] = [e]UIA]
[o:8] = [e]o[B]
[a'] = ([o])" = Unen "]
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