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Control Envelope Synthesis
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Hybrid systems

Designing Control 
Conditions

• Difficult: the main 
point control theory

• Needs creativity, 
careful reasoning 
about dynamics

Conjecture 
Conditions Try Proof

This Paper: Synthesize Correct 
Control Conditions

Synthesis procedure:
Which control decision
is safe when

Verified Control
 Envelope!

Human provides spec:
Control options,
Environment behavior

Requires
Verification

𝑣′ = 𝑎𝑙 + 𝑎𝑎 +⋯
𝑝′ = 𝑣 …

Control 
Law ?



What do Control Envelopes do?
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Start braking

Train stops

End of movement authority

Control Envelope: family of controllers that follow signals correctly

Verified controller 1: 
follow signals correctly

Want: follow signals + energy efficient given current weather conditions

Optimize within this space 
for energy efficiency.

… ∞

,

,



What do Control Envelopes do?
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𝜎 ≡ 𝑝 = 3 miles from Oakland , 𝑣 = 80𝑚𝑝ℎ .
Can I accelerate?

Can I brake?

Accelerate
Brake
Coast

Coast

Brake

Accelerate

Control 
Envelope



Example Control Envelope Spec: Train
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Envelope fills (     ). Which action is safe when??

[1] Platzer, A., Quesel, J.: European train control system: A case study in formal verification. In: Formal Methods and Software Engineering, 11th International Conference on Formal 
Engineering Methods, ICFEM 2009, Rio de Janeiro, Brazil, December 9-12, 2009. Proceedings. pp. 246–265 (2009). doi: 10.1007/ 978-3-642-10373-5_13 

Assuming
 𝑖𝑛𝑖𝑡

Control Loop

𝑒 − 𝑝 > 0

𝑎 ≔ −𝐵

𝑎 ≔ 𝐴

𝑡 ≔ 0; 𝑝′ = 𝑣, 𝑣′ = 𝑎, 
𝑡′ = 1 & 𝑡 ≤ 𝑇 ∧ 𝑣 ≥ 0

Modeling 
assumptions

Where 𝑖𝑛𝑖𝑡=𝐴 > 0 ∧ 𝐵 > 0 ∧ 𝑇 > 0 ∧ 𝑣 ≥ 0

action choice 1: 
acceleration

action choice 2: 
braking

Train moves per chosen 
acceleration for up to 

one time-period 𝑇

Safety contract: 
train must not go 

past position 𝑒

The state is 𝜎. 
Can I accelerate?

Can I brake?

?



Control Envelope Synthesis Spec: Hybrid Game
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Assuming
 𝑖𝑛𝑖𝑡

Control Loop

𝑒 − 𝑝 > 0

𝑎 ≔ −𝐵

𝑎 ≔ 𝐴

𝑡 ≔ 0; 𝑝′ = 𝑣, 𝑣′ = 𝑎, 
𝑡′ = 1 & 𝑡 ≤ 𝑇 ∧ 𝑣 ≥ 0 till

Players resolve nondeterminism
vs

when can Angel accelerate = when can train accelerate
when can Angel brake = when can train brake



Background: Differential Game Logic (dGL)
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Systems have nondeterminism
𝑥 ≔ 𝐴 ∪ 𝑥 ≔ 𝐵

Players resolve nondeterminism

vs

𝑥 ≔ 𝐴 ∪ 𝑥 ≔ 𝐵

Operators

𝑥 ≔ 𝐴 ∩ 𝑥 ≔ 𝐵

Demonic Win Condition

[ 𝑥 ≔ 𝐴 ∩ 𝑥 ≔ 𝐵 ]𝑥 = 𝐴
Demon wins if in the end, 𝑥 = 𝐴

𝛼 ∩ 𝛽, 𝛼×, ? 𝜙d , 𝑥′ = 𝑓 𝑥 &𝑄 𝑑

The Question

Winning Strategy

[ 𝑥 ≔ 𝐴 ∩ 𝑥 ≔ 𝐵 ]𝑥 = 𝐴
Demon strategy: choose left

𝛼 ∩ 𝛽, 𝛼∗, ? 𝜙, 𝑥^′ = 𝑓(𝑥)&𝑄

Formulas

[ 𝑥 ≔ 𝐴 ∩ 𝑥 ≔ 𝐵 ]𝑥 = 𝐴

Formula true in states where 
demon has a winning strategy

How can we represent control 
envelopes for all dGL 
specifications in a way that is:

• Compositional
• Symbolic (in terms of 

parameters like A, T)



Control Envelope Representation: Train
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[1] Platzer, A., Quesel, J.: European train control system: A case study in formal verification. In: Formal Methods and Software Engineering, 11th International Conference on Formal 
Engineering Methods, ICFEM 2009, Rio de Janeiro, Brazil, December 9-12, 2009. Proceedings. pp. 246–265 (2009). doi: 10.1007/ 978-3-642-10373-5_13 

𝑔𝑖: Assuming
 𝑖𝑛𝑖𝑡

Control Loop

𝑒 − 𝑝 > 0

𝑔2: 𝑎 ≔ −𝐵

𝑔1: 𝑎 ≔ 𝐴𝑆(𝑔1)

𝑆(𝑔2)

𝑔𝑐: 𝑡 ≔ 0; 𝑝′ = 𝑣, 𝑣′ = 𝑎, 
𝑡′ = 1 & 𝑡 ≤ 𝑇 ∧ 𝑣 ≥ 0

Subgame 𝑔1 : 
acceleration

subgame 𝑔2 : 
braking

The state is 𝜎. 
I can accelerate if 𝜎 ⊨ 𝑆(𝑔1)

I can brake if 𝜎 ⊨ 𝑆(𝑔2)

Inductive Subvalue Map 𝑺 maps subgames to formulas (“subvalues”)

𝑆(end)
𝑆(𝑔𝑖)

𝑆(𝑔𝑐)



Control Envelope Representation: 
Inductive Subvalue Maps
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• Want maps that represent strategies that:
• Don’t lose
• Don’t get stuck

• Recursive dGL formulation

𝑆(𝑐) 𝑆 𝑑

𝑥 ≔ 𝑥 − 1 𝑦 ≔ 𝑦 − 1

𝑎

𝑐 𝑑

𝑆 𝑎 → 𝑆 𝑐 ∨ 𝑆(𝑑)

Implies 
post-

condition   is inductiveInvariant

• Can be checked in theorem prover

not 
stuckS(a)

𝜎 ⊭ 𝑆(𝑐) 𝜎 ⊭ 𝑆(𝑑)

𝜎 ⊭ 𝑆(𝑎)



Overview
• Control Envelopes
• Problem Class Generality 
• Solution Representation
• Synthesis
• Evaluation

10

𝑆 𝑎 ≔ 𝑆 𝑐 ∨ 𝑆(𝑑)

𝑆(𝑐) 𝑆(𝑑)

𝑥 ≔ 𝑥 − 1 𝑦 ≔ 𝑦 − 1

𝑎

𝑐 𝑑



Example Control Envelope: Train
Synthesis fills (     ). Which action is safe when??

Assuming
 𝑖𝑛𝑖𝑡

Control Loop
?

𝑒 − 𝑝 > 0

𝑔2: 𝑎 ≔ −𝐵

𝑔1:  𝑎 ≔ 𝐴?

?

Acceleration action 
guard (𝑆(𝑔1))
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𝑡 ≔ 0; 𝑝′ = 𝑣, 𝑣′ = 𝑎, 
𝑡′ = 1 & 𝑡 ≤ 𝑇 ∧ 𝑣 ≥ 0

Back compute to ensure the safety 
contract isn’t breached

po
si

tio
n

time

𝑒

ve
lo

ci
ty

time

time

ac
ce

le
ra

tio
n



Example: Train
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Synthesis fills holes (     ).?

Assuming
 𝑖𝑛𝑖𝑡

Control Loop

?
𝑒 − 𝑝 > 0

𝑎 ≔ −𝐵

𝑎 ≔ 𝐴

?

𝑝′ = 𝑣, 𝑣′ = 𝑎, 𝑡′ = 1 
& 𝑡 ≤ 𝑇 ∧ 𝑣 ≥ 0

𝑣𝑇 +
𝐴𝑇2

2
 +

𝑣+𝐴𝑇 2

2𝐵

> 𝑒 − 𝑝



Example: Train
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Synthesis fills holes (     ).?

Assuming
 𝑖𝑛𝑖𝑡

Control Loop

𝑒 − 𝑝 > 0

𝑎 ≔ −𝐵

𝑎 ≔ 𝐴

𝑝′ = 𝑣, 𝑣′ = 𝑎, 𝑡′ = 1 
& 𝑡 ≤ 𝑇 ∧ 𝑣 ≥ 0

𝑣𝑇 +
𝐴𝑇2

2
 +

𝑣+𝐴𝑇 2

2𝐵

> 𝑒 − 𝑝

True𝑝 +
𝑣2

2𝐵
> 𝑒 

Envelope=all safe 
solutions. Conditions 

computed once and for all



Inductive Subvalue Map Synthesis
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• Recursive dGL formulation allows backwards symbolic reasoning

𝑆(𝑐) 𝑆(𝑑)

𝑥 ≔ 𝑥 − 1 𝑦 ≔ 𝑦 − 1

𝑎

𝑐 𝑑

𝑆 𝑎 → 𝑆 𝑐 ∨ 𝑆(𝑑)

𝑦 > 0 | 𝑥 > 0

𝑥 ≔ 𝑥 − 1 𝑦 ≔ 𝑦 − 1

𝑎

𝑏

𝑐 𝑑

𝑎:  𝑦 > 0 | 𝑥 > 0

𝑐:  𝑦 > 0

𝑑:  𝑥 > 0

𝑏:  𝑦 > 0 | 𝑥 > 0

• Unlike program synthesis, no search explosion
• Still depends on loop invariant synthesis

𝑆 𝑎 ≔ 𝑆 𝑐 ∨ 𝑆(𝑑)

𝑆(𝑐) 𝑆(𝑑)



Overview
• Control Envelopes
• Problem Class Generality 
• Solution Representation
• Synthesis
• Evaluation

15



Benchmark Problem Type Ours CESAR[1] NYCS[2]

Event ETCS Event-triggered control 23s ∞ ∞

Infinite Track Infinite horizon
switching

233s ∞ ∞

Surgical Robot Nonlinear control 168s ∞ ∞

Highway Driving Time-triggered control in 
presence of adversarial agent

91s ∞ ∞

Reach-avoid 
Robot

Reach-avoid problem 21s ∞ ∞

16

Representatives of Different Problem Classes

[1] CESAR: Control Envelope Synthesis via Angelic Refinements. Aditi Kabra, Jonathan Laurent, Stefan Mitsch, André Platzer. TACAS 2024.
[2] Automatic Synthesis of Switching Controllers for Linear Hybrid Systems: Reachability Control. Massimo Benerecetti and Marco Faella. ACM Trans. Embed. Comput. Syst. 16, 4, 
Article 104. 2017.

∞
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Representatives of Different Problem Classes
Benchmark Problem Type Ours CESAR[1] NYCS[2]

Event ETCS Event-triggered control 23s ∞ ∞

Infinite Track Infinite horizon
switching

233s ∞ ∞

Surgical Robot Nonlinear control 168s ∞ ∞

Highway Driving Time-triggered control in 
presence of adversarial agent

91s ∞ ∞

Reach-avoid 
Robot

Reach-avoid problem 21s ∞ ∞

[1] CESAR: Control Envelope Synthesis via Angelic Refinements. Aditi Kabra, Jonathan Laurent, Stefan Mitsch, André Platzer. TACAS 2024.
[2] Automatic Synthesis of Switching Controllers for Linear Hybrid Systems: Reachability Control. Massimo Benerecetti and Marco Faella. ACM Trans. Embed. Comput. Syst. 16, 4, 
Article 104. 2017.



Summary

Automate

Model Shape Synthesis procedure 
fills control conditions

Correct by 
Construction 

Control 
Envelope

When False (never)

Safe Not Useful

When 𝑒 − 𝑝 > ൗ(𝑣+𝐴𝑇)2

2𝐵

Safe Useful

Solution Ordered by Permissiveness

Games Specify 
Envelopes

Subvalue Maps represent 
envelopes compositionally

Synthesis 
heuristics 
close the 
gap

Synthesis by Precondition Calculation

Solves a Variety of Control Challenges

𝑆 𝑐 𝑆 𝑑S(a)

𝑥 ≔ 𝑥 − 1 𝑦 ≔ 𝑦 − 1

𝑆 𝑎 ≔ 𝑆 𝑐 ∨ 𝑆(𝑑)

𝑎

𝑐 𝑑
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   v ′ =  a l +  a a + …


   p ′ = v   …


  ∞


  𝜎 ≡  {  p = 3   miles   from   Oakland   , v = 80 m p h } .


  i n i t


  e − p > 0


  a ≔ − B


  a ≔ A


  t ≔ 0 ;    p ′ = v ,


   v ′ = a ,


   t ′ = 1


  &   t ≤ T ∧ v ≥ 0


  i n i t


  A > 0 ∧ B > 0 ∧ T > 0 ∧ v ≥ 0


  T


  e


  𝜎


  i n i t


  e − p > 0


  a ≔ − B


  a ≔ A


  t ≔ 0 ;    p ′ = v ,


   v ′ = a ,


   t ′ = 1


  &   t ≤ T ∧ v ≥ 0


  d G L


   (  x ≔ A ∪ x ≔ B )


   (  x ≔ A ∪ x ≔ B )


   (  x ≔ A ∩ x ≔ B )


   (  x ≔ A ∩ x ≔ B )


  x = A


  x = A


  𝛼 ∩ 𝛽 ,    𝛼 × , ?  𝜙 d   ,      {   x ′ = f  ( x ) & Q } d


   (  x ≔ A ∩ x ≔ B )


  x = A


  𝛼 ∩ 𝛽 ,    𝛼 ∗ , ? 𝜙 ,    {  x ^ ′ = f ( x ) & Q }


   (  x ≔ A ∩ x ≔ B )


  x = A


   g i :  


  i n i t


  e − p > 0


   g 2 : a ≔ − B


   g 1 :


  a ≔ A


  S (  g 1 )


  S (  g 2 )


   g c :


  t ≔ 0 ;    p ′ = v ,


   v ′ = a ,


   t ′ = 1


  &   t ≤ T ∧ v ≥ 0


   g 1  


   g 2  


  𝜎


  𝜎 ⊨ S (  g 1 )


  𝜎 ⊨


  S (  g 2 )


  𝑺


  S ( end )


  S (  g i )


  S (  g c )


  S ( c )


  S  ( d )


  x ≔ x − 1


  y ≔ y − 1


  a


  c


  d


  S  ( a ) → S  ( c ) ∨ S ( d )


  𝜎 ⊭ S ( c )


  𝜎 ⊭ S ( d )


  𝜎 ⊭ S ( a )


  S  ( a ) ≔ S  ( c ) ∨ S ( d )


  S ( c )


  S ( d )


  x ≔ x − 1


  y ≔ y − 1


  a


  c


  d


  i n i t


  e − p > 0


   g 2 : a ≔ − B


   g 1 :   a ≔ A


  S (  g 1 )


  t ≔ 0 ;    p ′ = v ,


   v ′ = a ,


   t ′ = 1


  &   t ≤ T ∧ v ≥ 0


  e


  i n i t


  e − p > 0


  a ≔ − B


  a ≔ A


   p ′ = v ,


   v ′ = a ,


   t ′ = 1


  &   t ≤ T ∧ v ≥ 0


  v T +   A  T 2 2


  +        (  v + A T ) 2  2 B


  > e − p


  i n i t


  e − p > 0


  a ≔ − B


  a ≔ A


   p ′ = v ,


   v ′ = a ,


   t ′ = 1


  &   t ≤ T ∧ v ≥ 0


  v T +   A  T 2 2


  +        (  v + A T ) 2  2 B


  > e − p


  True


  p +    v 2  2 B > e  


  S ( c )


  S ( d )


  x ≔ x − 1


  y ≔ y − 1


  a


  c


  d


  S  ( a ) → S  ( c ) ∨ S ( d )


  y > 0   |   x > 0


  x ≔ x − 1


  y ≔ y − 1


  a


  b


  c


  d


  a :   y > 0   |   x > 0


  c :   y > 0


  d :   x > 0


  b :   y > 0   |   x > 0


  S  ( a ) ≔ S  ( c ) ∨ S ( d )


  S ( c )


  S ( d )


  e − p >     ( v + A T ) 2  2 B


  S  ( c )


    S  ( d )


  x ≔ x − 1


  y ≔ y − 1


  S  ( a ) ≔ S  ( c ) ∨ S ( d )


  a


  c


  d

