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Hybrid Game Verification/Synthesis
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Automated Reasoning Tools

1 Deductive logics:

v’ precise reasoning free of discretization or approximation

v Over nonlinear dynamics interacting with discrete control

v' in terms of symbolic parameters

v’ cleanly handle infinite state space

v" and unbounded domains including unbounded time horizons

But
— generally require effort-intensive interactive theorem proving

Automation

v

Expressivity
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Automated Reasoning Tools

. . . Deductive logics:
[ Piecewise Constant/Affine [1:2:3] &

Il Deductive Logics [45:€] — generally require effort-intensive interactive theorem proving
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But with LLMs?

Automation
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But with LLMs?

This has been done for:
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Verification Example: Lotka—Volterra

A forest department must keep prey and predator populations above safe minima.
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Verification Example: Lotka—-Volterra

A forest department must keep prey and predator populations above safe minima.

e ~N Unbounded time
Xadd 3=;
?7x > 0;
Assume [ add

= X + Xaqd; x' = ax — Bxy
Yadd =& | | Y=Y + Yaaa | | ¥ = 6xy — vy

X 2 Xmin
y = Ymin

Introduce new animals

Control contract

I: a,B,6,y >0, x,y > 0;, xin < x <V/0;, Vimin <y < a/p
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unfold; QE("Z3")’

: t R n b_ n , 1 ;
loop("x <= g/d & y <= a/b & g/d existsk(‘a/b-y )

. unfold;
>= xXmin & <(

a/b >= ymin & X > O & QE(”Z3”),

vy >0 & a>0 & unfold;

b>0s8d>0 & print("State pefore ODE cut after
| choosing xadd and yadd");

g >0 &x > xmn & dC("((d*x-g)"2+(b*y-a)"2)=0", 1);

y >= ymin", 1); <(

o o (20 (a0 x-3) (b -a)* (b*y-dex)
QE("23"), ((d*x-g) "2+ (b*y a)~2)", 1)
unfold; )
existsR('g/d-x", 1); )
unfold; )



Five Case Studies

Case study

Control objective

Reasoning challenge

Lotka-Volterra

Maintain minimum prey
and predator populations

Unbounded time reasoning over nonlinear dynamics

Train

Maintain train safety

Nonlinear dynamics; nested loops and coupled
invariants

Chemical Reaction

Keep reaction temperature
within safe limits

arbitrarily alternating control modes over
unbounded iterations, dynamics outside the
decidable (polynomial) fragment

Coolant

Meet heat-absorption quotas
while limiting coolant discharge

Complex, timed reach-avoid objective; qualitative
behavior changes by initial state

Van der Pol

Choose initial conditions
that keep the oscillator safe

Nonlinear oscillations over an unbounded time
horizon
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Verification Pipeline

LLM Queries
Check Proof
Proof v/~ Proof Complete
f)
succeeded? € feedback

r 1| T

analysis|| Propose Tactic |tactic KeYmaeraX

~ Proof outcome

v

Input
P Analyze Game R
formula —% Proof Tactic

Summarize

summary

Analysis Generate Proof Recovery
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Without LLM: 0/5
With LLM: 5/5

Verification Pipeline

Model Reasoning | Solved | Pass@1 | Avg Cost ($) | Avg Calls | Avg Output (k Tokens)
Qwen3.5 v 1/5 |0.13£0.13 - 88.0118.0 254 + 17
GPT-5.4-mini 1/5 |0.13£0.13 | 1.07x£1.05 | 138.5+£130.5 41439
GPT-5.4-mini v 2/5 10334+021| 0.70+0.17 11.0£2.7 148 4+ 36
GPT-5.4 v 55 [093+£007 | 221+044 94414 92418
GPT-5.5 3/5 10.60£024 | 59545.25 47.3 £33.7 35430
GPT-5.5 v 5/5 | 1.00 £0.00 | 2.05+L0.56 6.1+1.3 63117
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Synthesis Example: Lotka-Volterra

A forest department must keep prey and predator populations above safe minima

A ~ Unbounded time
xadd -—@
Assume ?Xaqq =.0; X = X + Xaqd; x' = ax — Bxy X = Xmin
Yadd -—@ y:i=Y t+ Yadd y = béxy — vy Y 2 Ymin
73’ad =0

Introduce new anlmals

Control contract
I! a,6,0,y > 0; x,y > 0; Xppin < X Ymin

=y
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Synthesis Example: Lotka-Volterra

A forest department must keep prey and predator populations above safe minima.

4

\ % %

a
Choose y,qq suchthaty + y,qq4 = =

>N

Choose x,44 such that x + x,44 = g

Desired solution: “Set the system to its equilibrium point.”
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Synthesis Pipeline

LLM Queries

@

N Analyze Game <@Run precondition @heck JJ
calculus
@ ll analysis L Propose @ succseded? o feedback l ‘
input history Subvalue ] Z3 or @
formula | Plan Control Strategies I (partial) ~ KeYmaera X Decide Next
guideline —* If all subgames :Jabgalue@Verification try Move
soFl{ved: Pipeline proof
eturn Success backtrack|

A. Analysis B. Generate Subvalues C. Verification D. Error Recovery
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Results

Results (GPT 5)

Configuration | Solved | Pass@1 | Avg Cost ($) | Avg Calls | Avg Output (k Tokens)
Baseline 0/5 — — — —
Ablation(-),7)) 2/5 |0.40+£0.24 | 0.80+£0.06 | 19.5+2.5 76+ 7

Full Pipeline 4/5 0.804+0.20 | 2.194+0.73 | 41.04+-10.0 203 4 67
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Conclusion

* New class of class of problems reached by automatic proving
Al + deductive proving

* Could unblock broader use cases/adoption
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