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Abstract. This paper presents differential-algebraic refinement logic
(dARL) with which one can deductively verify both properties and rela-
tions of differential-algebraic programs (DAPs) that extend hybrid dy-
namical systems with differential-algebraic equations (DAEs). A refine-
ment calculus is introduced that enables the sound comparison of trajec-
tories of differential-algebraic equations, crucially utilizing a novel trace-
based semantics. This enables the incremental verification/simplification
of complicated DAEs, while ensuring correctness at each step by the
soundness of the calculus. The calculus is shown to certify index reduc-
tions of DAESs, providing trustworthy syntactic proofs of correctness at
each step of the reduction.
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1 Introduction

A large class of physical systems ranging from mechanical multi-body systems
to electrical circuits are naturally modeled by a combination of algebraic and
differential constraints. For instance, in electrical circuit modeling, Kirchhoff’s
laws govern how current and voltage behave across connections via a set of al-
gebraic equations. In contrast, charge accumulation in capacitors is governed by
differential equations. Systems characterized by these types of equations are for-
mally known as differential-algebraic equations (DAEs). Beyond their grounding
in physical laws, these equations exhibit a notable feature: they facilitate compo-
sitional modeling. Subsystems may be defined independently and then coupled
by algebraic constraints. For this reason, DAEs are the theoretical foundation
of popular modeling frameworks like Modelica, which feature large libraries of
reusable components. However, this modeling flexibility comes at a cost: DAEs
contain implicit constraints that complicate both analytical and numerical treat-
ments. Whilst techniques exist to transform DAEs into a representation that is
more amenable to analysis, safety-critical applications raise critical questions.
How can we be sure that the transformed system is equivalent to the original?
Furthermore, how can we guarantee that it satisfies its safety specifications?
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Differential dynamic logic (d£) [11,15,13,16] provides a partial answer to
these questions. Its deductive framework enables reasoning about complex dy-
namical systems, extending dynamic logic to verify correctness properties of
hybrid programs. However, d£ is built on top of explicit ordinary differential
equations (ODEs). Because DAEs define their dynamics implicitly rather than
explicitly, they require a shift towards new fundamental reasoning principles.

A foundational step towards this end, was the introduction of Differential-
algebraic programs (DAPs) [12] extending d£ to differential-algebraic equations.
Nevertheless, the initial DAP framework was originally restricted to a spe-
cial normal form [12]. A recent extension generalized DAPs to arbitrary semi-
algebraic constraints, but crucially under the strong assumption that solutions
are real-analytic [6]. This reliance on analyticity is a significant limitation, as it
excludes a range of practically relevant non-smooth models.

However, even if the question of regularity were to be addressed, DAEs pose
an additional challenge. In practice, analysis of DAEs heavily relies on indez re-
duction, a technique to reveal the DAE’s implicit constraints by differentiation.
Unfortunately, many algorithmic implementations lack a rigorous foundation.
As a result, unverified index-reduction may introduce spurious solutions or dis-
card valid ones. Ensuring that the index-reduced model has the same solution
set requires refinement reasoning. While prior work on DAPs addresses DAE
verification, it lacks the formal machinery to support refinement. Conversely, re-
finement calculi for hybrid systems have been developed [9,19], enabling formal
comparison and simplification of hybrid programs, but only for ODEs.

Contributions. This paper introduces differential-algebraic refinement logic
(dARL), addressing the limitations outlined above through the following con-
tributions. First, we introduce a trace-based semantics for differential-algebraic
programs grounded in continuously differentiable functions. Compared with the
real-analytic semantics of prior work, this semantic foundation admits a larger
class of practically relevant systems, including dynamics involving min and | - |.
Second, we develop a sound refinement calculus for DAPs. This calculus enables
relational reasoning between DAPs. In particular, building on this calculus we
present a method to algorithmically verify index reductions.

2 Differential-Algebraic Refinement Logic

This section presents the syntax and semantics of differential-algebraic refine-
ment logic (dARL). The logic combines core ideas from differential refinement
logic [9,19] and differential-algebraic dynamic logic [12,6]. We recall the basic
syntax and semantics of differential dynamic logic and extend them with defini-
tions for differential-algebraic programs and refinement, which together provide
the foundation for refinement principles introduced in Section 3.
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2.1 Syntax

This subsection introduces the syntax of dARL. The syntax follows largely that
of differential dynamic logic [11,15,13,16], and is recalled here for completeness,
with the addition of refinements and differential-algebraic programs. We begin
with the construction of terms. Let V denote the set of variables. Each variable
x € V has an associated differential variable denoted by x’. Differential variables
are independent of the base variables; in particular, 2’ is not an abbreviation
for the derivative of x, but a distinct variable. For terms, we adopt the standard
term language of differential dynamic logic, including (syntactic) differentials
[15,16], defined formally below.

Definition 1 (Term Syntax). Let z € V be a variable and c € Q be a rational
constant. The language of terms e, g is defined by the following grammar:

e,gui=clzletgle-g](e)

The term language extends real arithmetic with differentials. Intuitively, the dif-
ferential (e)” captures the local change of the term e under infinitesimal changes
of its variables.

Formulas and differential-algebraic programs are defined by simultaneous
induction, because programs can occur within formulas and vice versa.

Definition 2 (Formula Syntax). Let e,g be terms, x = (z1,...,2Z,) be a
finite tuple of variables and o, B be differential-algebraic programs. The language
of dARL formulas P, Q is defined by the following grammar:

PQ:=e<g|-P|PAQ|VzP|[o]P|a<kp

As dARL is an extension of the first-order logic of real arithmetic, the inter-
pretations/constructions of first-order formulas are standard. The modal formula
[a] P is inherited from d£ and classical dynamic logic of discrete programs, ex-
pressing the property that P holds after every run of the (differential-algebraic)
program «. The (partial) refinement formula o <4 8 extends the existing refine-
ment notion [9] and is crucial to the axiomatic framework presented in this work,
expressing the property that every possible evolution of the variables x attained
by executing the program « can also be achieved by somehow executing the
program (. Intuitively, this implies that the possible behaviors of x under « is
a subset of the possible behaviors of x under 3, thus « is said to be a (partial)
refinement of 5 with respect to x. Mutual refinement of programs concerning
variables x is denoted by a =4 (8, abbreviating o <x S A 8 <x a.

The following definition introduces the syntax of differential-algebraic pro-
grams (DAPs).

Definition 3 (Program Syntax). Let x be a variable, e be a term and let Q, F
be formulas of real arithmetic. The language of differential-algebraic programs
a, B is defined by the following grammar:

aBi=a=c|?Q|{x:F}|aUB|a; 8] (a)"
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Programs in dARL model hybrid systems by combining discrete dynamics
with continuous evolution. In contrast to d £, which restricts continuous evolution
of x to ordinary differential equations, dARL introduces differential-algebraic
programs (DAP) which permit evolution governed by arbitrary real-arithmetic
formulas over x and x’. This generalization allows modeling of disturbances and
implicit dynamics. An important special case of differential-algebraic programs
are differential-algebraic equations, which consist of a set of algebraic equations
e1(x,x') =0,...,e,(x,x") = 0. Unlike ODEs, such equations are in general not
explicitly solvable for x’ and need not admit locally unique solutions.

The remaining program constructors characterize discrete program structure
and control flow. Intuitively, programs x := e and 7@ are discrete and represent
discrete assignments and tests. Programs aUfS, «; 3, (a)* are program combina-
tors that represent nondeterministic choice (either one of «, 8 can be executed),
sequential composition (« is executed and then J is executed) and (unbounded)
repetition (« can be executed any finite number of times) respectively.

Notation. To simplify the presentation, we adopt a vector and matrix notation.
We denote vectors of variables by x = (1,...,2,) ", vectors of terms by e =
(e1,...,en) ", and matrices of terms by A = (a;;). The matrix-vector product Ae
is an abbreviation for a term vector whose i-th component is the i-ith coordinate
(Ae); = > ;_, aije; of the matrix product Ae. Relational comparison for vectors
e and g of the form e < g abbreviate the conjunction A}, e; < g;. We also write

x* = (x,x’) for the tuple of state and differential variables.

Expressiveness of Differential-Algebraic Programs. Explicit ordinary dif-
ferential equations with domain constraints, as used in d£, are subsumed as the
following special-case DAP:

{x:x'=f(x) ANQ}.

DAPs also allow a much broader class of systems, including, for example, linear
differential-algebraic equations

{x: Ax' = b},

which cannot in general be reduced to ordinary differential equations when the
matrix A is not invertible. More generally, DAPs admit arbitrary semi-algebraic
constraints over state and differential variables, for example

{x:g(x,x) > 0Ah(x,x') =0Ar(x,x) > 0}

2.2 Semantics

Prior work on DAPs defines the semantics of programs via state transition re-
lations [11,6], representing executions via initial and final state pairs. Such se-
mantics are insufficient in our setting, where reasoning about intermediate states
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is essential, rather than just their end states. We therefore adopt a trace-based
semantics, interpreting programs as sets of continuous functions from time to
states. This perspective aligns naturally with our focus of continuous dynamics
in this work.

A state w : V +— R is a mapping from variables to real values. In particular,
states also assign values to differential variables. We write S for the set of all
states and w(z) for the value of variable x in state w. The semantics of terms
are standard [11,14]. For a real value r € R, we use the notation (w)! to denote
the state obtained by updating w at the variable x with the value r.

Definition 4. The semantics of a term e is mapping [e] : S — R defined in-
ductively:

wlz] = w(z),

wle + g] = wle] + wlgl,

wle - g] = wle] - w[gl,

wl(e)] =3, ey w(®) 2 (W), [e].-

Definitions (1) — (3) are standard, the valuation of differential term w[(e)’] eval-
uates the differential of (e)" using the chain rule, giving ¢’ = »_ ., v'§%, and
evaluating the expression at the state w € S yields definition (4). For notational
convenience, we extend the valuation componentwise to vectors and matrices of
terms:

™ Lo~

wle] = (wlei)i,  wlA] = (Wlaiz])i;-

We now define the core semantic objects of our programs: A trace ¢ of
duration T, > 0 is a mapping ¢ : [0,T,] — S. We denote the set of traces by
T = Ugpso S®T). The valuation of a variable vector x at time ¢ is understood
pointwise as o(t)(x) = (p(t)(z1),...,0t) ().

A key assumption in earlier works axiomatizing continuous evolutions is that
such traces are real-analytic functions in the time variable ¢ [18,6], which makes it
impossible to switch between disjuncts with different differential-algebraic equa-
tions. This work considers a much more general collection of traces by relaxing
such regularity requirements.

Definition 5. A trace ¢ € T is called x-regular, if

1.t @(t)(x) is of class C*([0,T,],R"),

2. Lo(t)(x) = (t)(x) for all t € [0,T,),
3. forally ¢ xUX' and allt € [0,T,], we have ¢(t)(y) = »(0)(y).

The set of x-regular traces is denoted by Cy.

Remark 1. The derivatives at the boundary points {0,7,} are defined as the
one-sided limits from within the interval [0,7,], and the duration zero trace
with T, = 0, ¢(0)(x) = x is understood to be x-regular.
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The first property restricts the regularity of traces to the class of C'! functions.
Definition 5 uses a closed interval, which means it excludes traces whose first
derivative blows up as it approaches the boundary. The second property requires
differential consistency: the value of each differential variable must be the time
derivative of its corresponding state variable. The third property constrains the
bound variables of DAPs: only the variables in x U x’ may change along the
trace, while all others must remain constant.

A central feature of dL is its integration of both discrete and continuous
programs, which can be combined using sequential composition. While sequential
composition for relational semantics can be defined easily via the composition
of reachability relations, a trace-based approach requires more careful treatment
to ensure a well-defined (single-valued) trace is obtained rather than a general
relation. To this end, we define the concatenation operator - : T x T — 7T such
that for ¢, € T, the concatenated trace ¢ - ¢ is defined on [0, T, + T] as

~Je(t) for t € [0,T,),
(p-)(0) = {qp(tT@) for t € [Tg,,?/; Ty

Note that this operation is defined for any two traces. If the transition states do
not match, the trace exhibits an instantaneous jump at 7,. Consequently, the
concatenation of continuous traces is, in general, only a right-continuous trace.
For the discrete program constructs, we define the point trace at state w, denoted
0. It is the instantaneous trace with duration Ts, = 0 and 4,,(0) = w.

The preceding definitions provide the necessary foundation to characterize
the semantics of programs:

Definition 6 (Program semantics). The semantics of a program « is a map-
ping [a] : S — 27, defined inductively:

1. [[:L‘ = e]] =w > {5@,):[{4},

2. ["Q] = wrr {6w |w € [Q]},

3 {x: F}l =w—{peCi]9(0) =w,e(0,T,]) € [FI},
4 [z Bl=wr—={p ¥ |pela](w), ¥ e

5. [aUf] =ww [a](w) U [Blw),

6. [(@)]] =wr— U,—ola"](w),

where a® = 7T and o' = o ™.

The semantics of programs is defined as a mapping from initial states to sets
of traces. For a given state w € S, the notation [«](w) denotes the set of traces
originating in w. This formulation is necessary because continuous and discrete
programs treat initial states differently: continuous programs evolve from the
initial state, while discrete assignment instantaneously transition to a new state.
An important property of the semantics of DAPs is that traces respect the
entire initial state, including values of differential variables x’. This is crucial for
ensuring the soundness of our proof calculus.

We say two traces ¢ and ¥ coincide on a set of variables V', denoted by the
coincidence relation ¢ ~v ¢, if they have the same duration 7, = T, and agree
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on the valuation of all variables (and their differential variables) in V for all
t€0,T,].

Definition 7 (Formula semantics). The semantics of a formula P is a set
of states [P] C S defined inductively:

e < gl ={weS|wle] <wlg]},

- [PAQ]=[P]IN[Q],

- [=P] =S\ [P], ,

. V2Pl ={weS|VreR: (w), €[P]},

[[a]P] = {w €S| Vyp € [a](w) : ¢(T},) € [P},

ek Bl ={weS|Vy € [a](w) I € [Bl(w) : ¢ ~x ¢}

The last clause defines the semantics of the (partial) refinement formula. A state
w satisfies o <x 3, if for every trace ¢ of program « starting in state w, there
exists a corresponding trace 1 in program £, such that ¢ and v coincide on the
variables x.

Although this work focuses on the continuous fragment of programs, redefin-
ing the semantics of d£ requires ensuring compatibility with its original inter-
pretation. The following proposition establishes that this is indeed the case.

S Grds o do

Proposition 1. On the syntactic fragment of dL, the trace-based semantics and
relational semantics are equivalent with respect to reachability: for any program
a and a pair of states (w,v) € SXS, we have (w,v) € [&]az, if and only if, there
exists a trace ¢ € [a](w) with terminal state ¢(T,) = v.

Proof. See Appendix A.1.

This proposition establishes that dARL is an extension of d£. In particular, all
axioms for discrete programs remain valid.

3 Axioms and Rules of dARL

This section develops a sound proof calculus for dARL. This calculus combines
the axiomatic treatment of differential terms with additional principles for re-
finements.

Syntactic Side Conditions. Syntactic side conditions are essential for the
soundness of our proof calculus. We use standard definitions [15] and write
FV(P) for the set of (syntactically) free variables of formula P and BV(«)
for the set of (syntactically) bound variables of program «. For DAPs, we set
BV({x: F}) = xUx'. The following lemmas formally relate syntactically free
and bound variables to our trace-based semantics.

Lemma 1 (Coincidence). Let P be a formula andw,v € S be states. If w ~y v
for some variable set FV(P) C V, then w € [P], if and only if, v € [P].
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Lemma 2 (Bound effect). For any program a and trace ¢ € [a](w), we have
w(v) = @(T,)(v) for allv e BV(a)C.

The coincidence lemma states that if two states agree on a superset of a
formula’s free variables, then they agree on whether the formula is satisfied. The
bound effect lemma expresses that a program execution can only modify the
values of its bound variables, leaving all other variables unchanged along the
trace.

Differential Term Axioms. Because our calculus is based on C! traces, rather
than real-analytic ones, some of our reasoning principles require additional regu-
larity assumptions. To state these assumptions syntactically, we define syntactic
Jacobians of term vectors.

Definition 8 (Syntactic partial derivative and Jacobian). Let z,y € V
be variables and ¢ € Q a rational constant. For terms e, g the syntactic partial
derivative % is defined by

Oetg) _ 0e) , 0lg) ) _
oxr Oz ox ox
d(e-g) _ 9(e) +68(9) oy) _J1 y=x
r oz’ Ox or |0 y#x
Let x = (x1,...,%,) be a tuple of variables and let € = (e1,...,em) be a

vector of terms. The syntactic Jacobian of e with respect to x is the m X n

matriz Jxe defined by:
|: 861' :|
Jxe =
Oz i

The axiom schema J expresses the relation between syntactic differentials and
syntactic Jacobians. It is only valid if the term vector e constrains at most the
variables x.

J (e) =Jxe-x' FV(e)Cx

Refinement Axioms. The following two refinement axioms presented below
are generalizations of the [<] and <; axioms [19] to the partial refinement case:

<« a<xB—=([f]P—[a]P) FV(P)NBV(a, ) Cx
<L a<kBAB<y s a<ky
The [<4] axiom builds a bridge between box and refinement formulas. It is only
valid under the stated side condition, which requires that any free variable of P

outside x may not be modified by either of the two programs. Axiom <! states
the usual transitivity property of refinement.
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Box Axioms. The following axioms express basic reasoning principles for
box modalities of DAEs. Although they follow from elementary properties of
x-regular traces, these axioms are sufficiently expressive to derive non-trivial
properties of DAPs (c.f. Section 4). We write < to denote either < or <:

DW [{x:F}F
Do e<x0—[{x:(e) <0}e=0 FV(e)
DHC (e)) =0—[{x:e=0}](e) =0 FV(e)

X
X

The differential weakening axiom DW axiomatizes the simple property that if
F is a constraint for the system {x : F'}, then F must be satisfied along all
traces. Axiom DIx is the differential induction axiom, expressing the fact that
if a differential-free term e is initially (negative) non-positive and along all pos-
sible traces its differential is non-positive, then e always remains (negative) non-
positive. Finally, axiom DHC is the differential hidden constraint axiom. It can
be viewed as the converse of the DI< axiom: if a differential-free term e is iden-
tically zero on the entire time horizon, then necessarily its differential (e)’ must
also be zero. The role of axiom DHC is discussed in Section 4.

Ghost Axioms. The ghost arioms provide reasoning principles for extending
DAPs with additional variables while preserving refinement. Under our C* trace-
based semantics, such extensions require regularity assumptions to ensure that
the added variables admit a solution on the same time interval of existence as the
original trace. To state these conditions, we first define a syntactic determinant.

Definition 9 (Syntactic determinant). Let A = (a;;) be an n x n matriz
whose entries are terms. We define the term det(A) by recursion on n:

det([a11]) = a1, det(A) = ‘

J

(—1)1+ja1j det(Alj) (TL > 1),
1

n

where Ay is obtained from A by deleting row 1 and column j.

Using this notation, we state the two extension principles:

AG [{x:F}](e=0Adet)xe#0)— z,z ¢ {x: F},g
Jz3z' ({x: F} <xe {x,2: FAz=g})
DG [{x: F}|detA # 0— z,7z ¢ {x: F},A,B,c

Vz3z' ({x: F} <xe{x,z: F NAZ =Bz +c})

Axiom AG is the algebraic ghost axiom, axiomatizing the fact that if the Jacobian
associated to an algebraic equation e = 0 is invertible, then the system is actually
explicit and the differentials x’ can be solved explicitly from the equation e = 0.
This allows for the introduction of new variables without losing regularity. In
particular, one can introduce constrained variables z = x’ (using g = x’) and
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manipulate z as a differential-free variable. Axiom DG (differential ghost) states
that (differential) variables governed by linear DAEs can be soundly added to
the system, provided that A is invertible along all traces of the original DAE
{x : F'}. In that case, the linear DAE is equivalent to a linear ODE obtained by
solving for the differential variables z’ via A~".

The following axioms provide reasoning principles to analyze subsystems of
DAEs.

DC [{x:F}R—{x:F} <y {x:R}
DR VzVZ' ({x,2: RAF} <xe{x: F}) 2,72 ¢ F
DM {x:F}<xe{x:G} > {x: FAR} <xe{x:GAR}
DP [{x:3y3yF}F — [{x,y: 3y IyG}|G—
{x:F} <xe {x: G} = {x,y: F} <(xy)e {X,¥ : G}

Axiom DC is the differential cut axiom, expressing that if a formula R is always
satisfied along a DAE {x : F'}, then R can be soundly added as a constraint.
Axiom DR is the differential refinement axiom, axiomatizing the fact that ad-
ditional constraints only restrict the system. Intuitively, the differential mono-
tonicity axiom DM expresses a monotonicity property of differential programs.
If {x: F} <4 {x: G} holds, then imposing an additional constraint R on both
systems preserves the refinement relation. The DP Axiom (differential projec-
tion) states that if FF and G are semantically independent of y’ and y along
all traces, then it is sound to prove the refinement for the full system (x,y) by
proving it on the x-subsystem.

Theorem 1 (Soundness). The dARL proof calculus is sound.
Proof. See Appendix A.2.

Derived Rules. An important feature of axiomatic, logical approaches to the
verification of dynamical systems is the ability to derive sophisticated proof rules
from a small set of sound axioms by clever deductions. Such derived axioms are
then guaranteed to be sound by the soundness of the base axioms (Theorem 1).
The following theorem presents the list of derived axioms established, allowing
for a symbolic, deductive treatment of index reduction in Section 4.

Corollary 1 (Derived Rules). Let e be a differential-free term. The following
are derived rules of dARL:

dWF}—P dAFI—R I' - {x:R} <xe{x:G},A
I' = [{x: F}|P,A 't {x:F} <@ {x:G},A

I'te=x0,A I'tF [{x:F}e))<0,4
dl FV(e) Cx
't {x:F}=xe{x:FNe=<0},A

FF(e)=04 I'klx:Flle=04 .
A X Fy = (x  F A (0) =01, A le) & x
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Proof. See Appendix A.3.

— Proof rule dW is the derived version of axiom DW.

— Proof rule dA is the differential advance rule, where a constraint F' can be
replaced by R provided that R is more permissive.

— Proof rule dI is the differential induction rule for DAPs, the derived version
of axiom DI<.

— Proof rule dHC is the differential hidden constraint rule for equality con-
straints of the form e = 0, the derived version of DHC.

The following example shows how dARL can be used for safety verification
via refinements.

Ezample 1. Consider the system {z,y : 2’ = —y A xy = 1} with variables x =
(x,y) and suppose we wish to prove the property that starting from x = y =
1,2/ = —1,y’ = 1, the positivity condition y > 0 always holds. That is, the goal
is to prove the following sequent

r=y=1La=-1y=1F [{z,y:2'=-yAzy=1}y >0

First apply axiom DG with A = I being the identity matrix to soundly introduce
the differential ghost 2’ = —y?z/2 with initial condition 2%y = 1 (sound as y = 1
initially). This application yields the refinement relation

{zy:2' =—ynay=1} <o f{z,y. 22" = —yAay=1A2 = —y°2/2}

As the desired safety condition is y > 0, an application of the refinement axiom
[<x] reduces the problem to proving

r=y=1,2=-1,y =1,2%y=1+ Hz,y,2: 2 = —yAay = 1A2 = —yQZ/Z}}y >0

Further note that it suffices to prove the safety property of z2y = 1, as it then
follows by arithmetic reasoning that y > 0. To establish this, an application ® of
axiom DI« reduces the proof obligation to establishing the validity of (22y)’ = 0
along the DAE. By the syntactic definition of differentials, this evaluates to

(2%y) = (2D)y+22(y) =222y + 2%y = =2 + 2%/
By axioms DW and rule dA, we may apply arithmetic reasoning and conclude
that since zy = 1 holds, z # 0 and (2%y)’ = 0 <> z - (2%y)’ = 0. The latter
expression evaluates to (using zy = 1)

2 (—1f2? 4 22y) = a2ty = —y2e? o+ aaly
The proof is now seemingly stuck, as no further progress can be made with-
out explicit information on 3’. Nonetheless, axiom DHC can be applied on the
algebraic equality zy = 1 to derive implicit constraints on 3’, this gives:

F(zy) =0—[{z,y:2' = —yAzy=1}(zy) =0

3 Technically we use the equality version, which is equivalent to applying DI< twice
with different signs.
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Direct computations give (zy)’ = x'y + xy’, which is indeed equivalent to 0 at
the initial conditions z =y = 1,2’ = —1,y’ = 1. Thus, axiom DHC derives that
this is also true along the dynamics, simplifying with zy = 1 gives

dy+ay =0ay=12"=—y - zy =¢°

deriving

r=y=12'=-1,¢/=1F [{a,y:2 = —yAay=1}ay =4°
Finally, combining this with our earlier differential computation (axiom DC)
proves

(z2y)':—y222+xz2y’,xy’=y2 - (z2y)'=—y222+y222:0

Thus, this shows that z?y = 1 is an invariant along the DAE, thereby provably
establishing the safety property y > 0, as desired.

4 DAE Index Reduction

DAEs contain algebraic equations that may impose additional tangency condi-
tions not syntactically present in the original set of constraints. These hidden
constraints are the reason why DAEs require additional preprocessing steps be-
fore differential invariant reasoning becomes applicable. The following example
illustrates this issue.

Ezxample 2. Consider the term vector

' +x—z
f=|y+y+z
r—y

which defines the DAP {z,y,2 : f = 0}. Let V = 22 + y% + 2. Suppose we want
to prove that the sublevel set V' < r is an invariant of the system: every solution
initially satisfying this bound continues to satisfy it.

A direct application of rule dI reduces the proof to two obligations: V < r
must hold initially, and all solutions must satisfy (V) < 0.

*
V<rktV<r V<rt [{zyz:f=0}V) <0
V<rt {zyz:f=0}=xe{z,y,2: f=0AV <7}

R
dlI

Now, the second obligation further simplifies using differential weakening and
real arithmetic:

'=—a2+z,y=—-y—z,x=y F —42%+222/ <0

/

=—x+zy=—-y—z,x=y b 2zx' +2yy +222 <0
V<rt {zyz:£=0}V) <0




A Deductive Refinement Calculus for Differential-Algebraic Programs 281

However, the remaining goal is not derivable from the given assumptions: after
simplifying using the system’s equations, we obtain

—4a? + 227 <0.

The term 2zz’ cannot be controlled, because both z and 2’ are unconstrained.
This raises the natural question of whether there are hidden constraints among
the DAE variables that make the invariant proof succeed.

In the numerical DAE literature, the systematic exposure of hidden con-
straints was presented by Gear [5]. A DAE is classified by its differentiation
index, which is the minimum number of times the system’s constraints need to
be differentiated until all relevant differential variables are uniquely determined.
The process of identifying and adding differentiated constraints to the system is
called index reduction. Efficient implementations of index reduction (often based
on structural index reduction algorithms like Pantelides’ [10]) already exist and
scale to large equation systems.

It makes sense to exploit such procedures as automation for discovering hid-
den constraints. In dARL, however, their output cannot be used directly: only
transformations which provably preserve the behavior of the original system are
admissible. Naive index reduction produces a system that is incomparable to the
original, i.e, neither is a refinement of the other. The following common mistakes
break the refinement relation:

1. Ignoring required initial consistency conditions,

2. Differentiating constraints without verifying required regularity conditions,
which may exclude valid C! solutions,

3. Using unsound algebraic simplifications.

We abstract away from the implementation details of any particular index
reduction procedure and isolate the steps relevant for proof reconstruction. In
the following, let I" denote a placeholder context to collect the assumptions on
the initial state. Suppose we have a DAP of the following form

{x:f=01AQ}.
Starting from fy = f, an index reduction procedure produces a sequence of term
vectors fy, f1, . .., £, by repeatedly exposing hidden constraints. At each iteration
k=0,...,m — 1, the relevant soundness-critical steps are as follows:

1. Select a differential-free term ry, such that FV(ry) C x and
f.=0,QFr,=0

2. Augment the system with the differential of ry:
fr1 = U (rg)".

The first step identifies an algebraic consequence of the system that contains
no differential variables. The second step augments the system with the differ-
ential of the chosen term. We illustrate this procedure on the running example.
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Ezample 3. Let fy = f. For the first iteration, we select ry = x — y, which
is immediate from fy = 0. Adding its derivative is valid under the obligation
I' F 2’ = 4/. The hidden constraint step is constructed as follows:

*

R
rkFa=y fo=0F2x—y=
LR I' - f y)’ 0 d I(i I—O[{ S yf 00}] 0
z—y) = z,y,2 :fo =0}z —y =
JHC Y Y 0 Y

I+ {:L-’y7z;f():O}:x.{x’y,Z:fO:OA(x—y)/:()}

Now, set f; = fy U (z — y)’. To proceed, we identify a new differential-free
consequence of the augmented system. Using the equations in fy = 0, the newly
added constraint simplifies to

(z—y) =(z+z2) - (~y—2)=—z+y+22=0.

Together with # = y, this entails z = 0. Thus, for the next iteration we select
r; = z. Again, adding its derivative requires the obligation I" F 2’ = 0. Applying
the DHC rule, we have:

*
E 2 =0 d\S fi=0F z=0
F(z))=0 't [{z,y,2:f1 =0}z=0

I'F{z,y,2:f1 =0} =xe {z,y,2: f; =0 A (2) =0}

Finally, set fo = f; U (z)’. Combining the two derivations, the <! axiom yields:

rta'=y I'F Z=0
I+ {xvwa:fO:O}ZX'{xay»Z:f2:0}

Thus, the reduction from fy to f5 is valid under any context I" that proves
2’ =3y and 2’ = 0. With these hidden constraints exposed, we can now prove
that V' < ris an invariant. Notice that the proof relies on two conditions: proving
initial consistency, and verifying that the proposed constraint is a valid logical
consequence of the current system.

The following derived rule of dARL certifies any proposed index reduction as
a mutual refinement:

Theorem 2 (Index Reduction). Let rg,...,r,, be a sequence of differential-
free term vectors. Then, the following is a derivable proof rule of dARL:

't Nlo(rr) =0 = AL(fr=0AQ — 1y =0)
I'F {x:f11=0AQ}=x{x:f =0AQ}

Proof. See Appendix A 4.

IR
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The first premise enforces initial consistency; the second requires that each pro-
posed constraint is an algebraic consequence of the current system. The condi-
tion that FV(ry,...,r,) C x ensures that differentiating does not inadvertently
assume higher-order regularity. Together, these conditions guarantee that any in-
dex reduction preserves the behavior of the original system avoiding the pitfalls
stated above.

Remark 2. The sequence rg,...,r,, is a sufficient witness to reconstruct the
refinement proof: given only these terms, a mechanical decision procedure can
verify preservation of solution sets of the DAE during index reduction.

5 Related work

Deductive Verification of Differential Equations. The deductive verification of
differential equations aims to axiomatize all necessary principles using a small
set of core axioms, and deriving other desired properties (e.g. safety, liveness)
with accompanying trustworthy syntactic proofs using the sound axioms. Such
approaches include differential dynamic logic (d£) and its variants [11,6,9,12],
some of which can be proof-checked in KeYmaera X [4]. Sophisticated proof-
rules and completeness results have also been established in the case for ordinary
differential equations [18,17]. Axiomatic approaches to DAEs are relatively less
explored. Earlier works [12,6] considered a direct extension of the reachability-
based semantics in d£ to DAEs, and therefore do not provide a refinement-
calculus capable of directly expressing index reductions. Earlier work [6] also
assumes traces of DAEs to be real-analytic, which is a much stronger condition
than the C! regularity imposed in this article.

Numerical and Structural Index Reduction. Classical index reduction techniques
such as those by Gear [5], Pantelides [10], and Pryce [20] address the consistent
initialization of DAEs for numerical simulation. In contrast, our goal is to reason
about parametric and underspecified models within our axiomatic framework via
symbolic invariant reasoning. By revealing the hidden constraints of a DAE, we
can reason about safety entirely without numerical integration.

Differential Algebra. Differential algebra offers a formal treatment of differential
equations through the study of differential ideals [21,8]. Later, these ideas were
operationalized into effective algorithms [3,7], providing a rigorous foundation
for symbolic index reduction. However, these approaches are purely structural
and do not account for the semantics of continuous traces. Consequently, they
lack the logical framework to reason about reachability or safety properties. We
address this by integrating index reduction into a deductive proof calculus.

Formal Semantics of Modeling Languages. The work of Benveniste et al. [1,2]
most closely aligns with our framework in terms of modeling power, as they
formally address the interplay between DAEs and discrete mode transitions.
However, their primary concern is the correctness of compilation and execution
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for DAE-based simulation software. By contrast, we go beyond execution and
provide an axiomatic framework for deductive verification.

6 Conclusion

This paper presents an axiomatic framework dARL for the deductive verification
of general DAEs. By leveraging a novel trace-based semantics, dARL supports
sound comparison of DAEs through refinements, enabling the incremental ver-
ification of complicated DAEs via iterative simplifications. In particular, index
reductions of DAEs can be completely internalized in dARL, with supporting
syntactic proofs of correctness at each step of the reduction. For future work, it
would be interesting to implement a proof-checker for dARL.
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A Deferred Proofs

A.1 Conservative Extension

This section completes the proof of Proposition 1, that dARL is a conservative
extension of the reachability-based semantics of d [11].

Proof. Let (w,v) €S x S be a pair of arbitrary states. We establish the equiva-
lence with respect to reachability by structural induction on programs. Let o, 3
be two programs satisfying the induction hypothesis.

Case z ==¢
(=) Let (w,v) € [z = €]qc. By the relational semantics of d£, we have
v = (w)s [e], i.e. v is the state w with variable z having value w[e]. From
the semantics of discrete assignment, the zero-duration trace satisfies §, €
[ = e](w). By construction, it holds ¢, (0) = v, completing the forward
direction.
(<) Conversely, let ¢ € [z = e](w) with ¢(T,) = v. By the trace-based
semantics, we have ¢ = §, and v = (w); [e]. Thus, by the d-semantics,
(w,v) € [x := €]qr, completing this case.

Case 7Q)
(=) Let (w,v) € [?Q]4c- By the dL-semantics, we have w = v and w € [Q].
By the trace-based semantics, w € [@] implies 6, € [?Q](w). Since d,,(0) =
w = v, there exists a trace reaching the terminal state v, as required.
(<) Conversely, let ¢ € [?Q](w) with ¢(T,) = v. By the trace-based se-
mantics of test, ¢ is equal to the unique zero-duration trace d,, € [?Q](w).
Thus, w = v and w € [Q], yielding (w,v) € [?Q]dr, as required.

Case o; 8
(=) Assume (w,v) € [a; Bldc. By the dC-semantics, there exists an inter-
mediate state p € S such that (w,u) € [afae and (p,v) € [Blac. Applying
our inductive hypothesis to these pairs, there exist traces ¢ € [of(w) and
Y € [B](p) with o(T,) = p and ¢(Ty) = v respectively. Let p = ¢ -1 be the
concatenation of these traces. By the semantics of sequential composition,
we have p € [o; 8] (w). Since p(T},) = ¥(Ty) = v, the forward direction holds.

(<) Conversely, let p € [o;f](w) with p(T,) = v. By the semantics of
sequential composition, there exist ¢ € [a](w) and ¢ € [B](¢(T,)) such that
p = @ - . Applying the inductive hypothesis to these traces, we conclude
(w,¢(Ty)) € [alaz and (¢(T,),v) € [Blac- By the dL-semantics, the state
©(T,) serves as a witness for (w,v) € [a; ]az, completing the case.

Case a U
(=) Let (w,v) € JaUB]dz- By the relational semantics of d£, we have either
(w,v) € [a]dae or (w,v) € [Bldc. From the IH, there exists a trace reaching
v in either [a](w) or [8](w). Thus, there exists a trace in [a](w) U [B](w) =
[or U B](w), as required.
(<) Let ¢ € [aU S](w) with terminal state ¢(T;,) = v. By the semantics of
nondeterministic choice, ¢ is contained in either [a](w) or [8](w). Applying
the TH, yields (w,v) € [a U S4cz.-
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Case (a)*

Recall that (a)* represents (finite) unbounded composition, thus this case
is proved by another induction on the equivalence for o™ for all n € N, the
base case of n =0 is trivial.

(=) Let (w,v) € [a™ 4., by definition of sequential composition this im-
plies the existence of an intermediate state p such that (w,p) € [a]qz and
(1, v) € [a"]ac- The claim now follows by first applying the inductive hy-
pothesis of equivalence at n compositions, followed by the inductive hypoth-
esis for equivalence under sequential compositions.

(<) Similarly, let p € [a"™!](w) be an arbitrary trace with terminal state
p(T,) = v, by the dARL semantics for composition, we can decompose p as
p = -9 with ¢ € [a](w)a, ¥ € [a"](w). Furthermore, these traces must
satisfy ¢(0) = p(0),¢(Ty) = p(T,), from which the desired claim follows by
applying the inductive hypothesis for equivalence of composition.

A.2 Soundness

We use the following well-known fundamental results from analysis and linear
algebra:

Theorem 3 (Mean Value Theorem). Let f: [a,b] — R be a function that
is continuous on the closed interval [a,b] and differentiable on the open interval
(a,b). Then there exists a point £ € (a,b) such that

Jb) = f(a)

o=

Theorem 4. Let A € R™™™ be a square matriz. If det(A) # 0, then for every
b € R™ the linear system

Ax =D

has a unique solution x € R™.

Lemma 3 (Continuity of the matrix inverse). Let J C R be an interval,
and let A: J — R™ " be a continuous mapping such that det(A(t)) # 0 for all
t € J. Then the mapping

t A(t)™?

from J to R™ ™ s continuous.

Theorem 5 ([22]). Let J C R be an interval, let A: J — R"*™ andb: J — R"”
be continuous functions, and let tg € J and xg € R™. Then the initial value
problem

x/(t) = A(t)x(t) + (1), x(t) = xo

has a unique solution x: I — R™.
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Theorem 6 (Implicit Function Theorem). Let U C R™ x R™ be open, and
let F € C*(U;R™) for some k > 1. Suppose (ug,vo) € U satisfies F(ug,vo) = 0,
and the Jacobian J,F(ug,vo) € R™*™ with respect to y is invertible.

Then there exist open neighborhoods V- C R™ of ug and W C R™ of vg, and
a unique C* function g: V. — W such that

F(u,g(u)) =0 foralueV,
and for all (u,y) € Vx W,
Flu,y) =0 < y=g(u).

Moreover, the derivative of g is given by

Dg(u) = —(J, F(u, g(u))) ™ Jo F(u, g(u)).

The following local existence lemma is well-known, its proof is provided for
completeness.

Lemma 4 (Local solution of an implicit ODE). Let f : R® x R* — R”
be of class C'. Assume there exist ug, vo € R™ such that f(ug,vo) = 0 and the
Jacobian matriz J,£(ug, vo) is non-singular.

Then there exist open sets U,V C R™ containing ug and vg respectively, and
a constant € > 0 such that the initial value problem

u(0) = uy, u'(0) = vy, f(u(t),u'(t)) =0 (teJ)

admits a unique solution u € C?((—e,¢),R"™) satisfying u(t) € U and u'(t) € V
for allt € (—e,¢).

Proof. By construction, f(ug,vy) = 0. Moreover, by assumption the Jacobian of
f with respect to its second argument is non-singular at (ug, vop), i.e.,

det (Jyf(ug, vo)) # 0.

From the Implicit Function Theorem, there exist open sets U,V C R"™ with
ug € U and vy € V, and a unique function g € C1(U, V) such that

f(u,g(u)) =0 forallue U,

and g(ug) = vo.
Consider the ordinary differential equation

w'(t) =g(u(t),  u(0)=uo. (1)

Since g € CY(U, V), it is locally Lipschitz on U. Hence, by the Picard-Lindel5f
theorem [22] there exists an open interval J containing 0 and a unique solution
ue CYJ,U) of (1).

Because both g and u are C!, the chain rule implies that the composition
t — g(u(t)) is of class C* on J. Using (1), we obtain u’(-) = g(u(-)) € C*(J,R").
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The proof of soundness for dARL also uses the following lemmas.

Lemma 5 (Regular Differential). Let e be a term with FV(e) C x. For
any x-regular trace ¢ € Cy of duration T, > 0, the mapping t — o(t)[e] is
continuously differentiable on [0,T,]. Furthermore, for all t € [0,T,], it holds
that:

Lo (0] = o))

Proof. First note that C! regularity follows from the equivalence %(p(t) [e] =
e(t)[(e)’], as the RHS is a term and therefore continuous as ¢ is continuous.
This equivalence can be established by inducting on the structure of e and the
axiomatization of differential terms in Section 3, a detailed proof can be found
in earlier work axiomatizing differentials in d£ [15].

Lemma 6. Let A € T"*™ be a square matrixz of terms. Then, for all states
w €S, detw[A] = w[det A].

Proof. This follows directly from the fact that det A was defined (Definition 9)
via its cofactor expansion.

Lemma 7. Let e be a vectorial term. For any state w € e = 0 A det Jy e # 0],
there exists an interval J = (—e¢,€) for some ¢ > 0 and a unique C? trace
p:J —S such that

1. p(0) = w,
2. p(J) € [e=0],
3. p(t)(v) =w(v) forvgzUz.
Proof. Let ug = w(x) and vy = w(x’) and define the induced semantic mapping
f:R" x R" — R" by
f(u,v) = wuvle],
where wy,y is the modified sate w such that w(x) = u and w(x’) = v. By
Lemma 6, we conclude det Jf(ug, vo) = det w[Jxe] = w[det Jx €] # 0. Apply-
ing Lemma 4, we obtain J = (—¢,¢) for some £ > 0 on which the initial value
problem
u(0) =ug, u'(0)=vy, f(ult),u'(t)=0
admits a unique solution u € C?(J,R").

Finally, soundness of dARL (Theorem 1) is established by proving that each
axiom is semantically valid:

Proof (Soundness of Refinement Azioms).

[<x] Let w € Ja <x f] and w € [[5]P]. To show w € [[a]P], fix an arbitrary
trace ¢ € [a](w). By the refinement assumption, there exists a ¢ € [5](w)
such that ¢ ~ ¢, which implies T,, = T,. Since w € [[5]P], it follows that
Y(T,) € [P]. By the Coincidence Lemma, it suffices to show ¢ ~py(py ¥.
Given the syntactic side condition FV(P) C x U (BV(a) U BV(B))C, we con-
sider an arbitrary variable v € FV(P) and split into two cases:
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1. If v € x: Then, we have ¢(t)(v) = 9(t)(v) for all t € [0,T,], by the
refinement assumption.
2. If v € (BV(w) UBV(B))G: By the Bound Effect Lemma, both traces
preserve the initial state, i.e., (¢)(v) = w(v) and ¥ (t)(v) = w(v) for all
t € [0,T,]. Consequently, ¢(t)(v) = 1(t)(v) for all ¢t € [0,T,].
In both cases, ¢ and 9 coincidence. Thus, by a pointwise application of
Lemma 1 we conclude ¢(T,,) € [P], completing the proof.
Let w € [a<xf] and w € [<x7]. To show w € [a<x7¥], fix an arbitrary trace
¢ € [a](w). Our goal is to demonstrate that there exists a trace p € [v](w),
such that ¢ ~x p.
By the first refinement assumption, there exists a trace ¢ € [f](w) such
that ¢ ~x . Invoking the second assumption for this 1, there exists a trace
p € [v](w) with ¢ ~x p. Transitivity yields ¢ ~x p, which establishes the
desired result.

Proof (Soundness of Differential Azioms). We prove the validity of each axiom
individually:

DW

DI«

DHC

Let w € S. To show w € [[{x : F}]F], fix an arbitrary trace ¢ € [{x: F}](w).
By the semantics of DAPs, we have ¢([0,7,]) C [F], which immediately
implies ¢(T,,) € [F], as required by the box modality.

Let w € [e < 0]. To prove w € [[{x : (e)) < 0}]e <X 0], we fix an arbitrary
x-regular trace ¢ € [{x : (e)’ < 0}](w) with duration T},. The argument
proceeds by case analysis on the duration 7:

1. If T, = 0: The result is immediate as ¢(0) = w and w € [e < 0] by
assumption.

2. If T, > 0: Since ¢ is x-regular and e is differential-free, the valuation
of the term e along the trace is continuous on [0, T,,] and differentiable
on (0,7,) (Lemma 5). By the Mean Value Theorem (Theorem 3), there
exists a £ € (0,T,,) such that:

o(Te] = Ty S (©)le] +0(0)[e]

Again, since e is differential free, by applying the Differential Lemma 5,
we obtain:

P(To)lel = Ty (&) (e)'T + ¢ (0)[e].-

Since ¢(0)[e] = 0 by assumption and ¢(£)[(e)’] < 0 by the differential
constraint, it follows that ¢(7T,)[e] < 0.
In both cases, the terminal state reached by the trace ¢ satisfies e < 0. As ¢
was chosen arbitrarily, it follows by the semantics of the box modality that
w e [[{x: (e) <0}e=0].
Let w € [(e)) = 0]. To show w € [[{x : e = 0}](e) = 0], fix an arbitrary
x-regular trace ¢ € [{x: e = 0}](w) with duration T,,. We distinguish two
cases based on the duration T,:
1. If T, = 0: The goal is immediate as ¢(0) = w and w € [(e)’ = 0] by
assumption.
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2. If T, > 0: Since ¢ is x-regular, the valuation of the term e along the
trace is differentiable on (0,T,) (Lemma 5). By the semantics of DAPs,
we have ¢([0,T,]) C [e = 0]. It follows that for every ¢t € [0,T,], the
valuation satisfies ¢(¢)[e] = 0. Differentiating both sides of this equa-
tion yields %£¢(t)[e] = 0. By the Differential Lemma 5, this implies
o(t)[(e)] = 0 for t € [0,T,].

In both cases, the terminal state satisfies (¢)’ = 0. As the choice of trace was
arbitrary, we conclude w € [[{x: e = 0}](e)’ = 0].

Proof (Soundness of Differential Refinement Azioms). We prove the validity of
each axiom separately:

DC

DR

DG

Let w € [[{x : F}]R]. To show that w € [{x : F}<x{x: R}], fix an arbitrary
x-regular trace ¢ € [{x: F}](w). By the reflexivity of the coincidence rela-
tion (¢ ~x @), it suffices to show that ¢ is itself satisfies ¢ € [{x : R}](w).
By the semantics of DAPs, we already have ¢([0,T,]) € [F]. To show
©([0,T,]) C [R], consider an arbitrary 7 € [0,T,,]. Since DAPs allow for ar-
bitrary durations, the restriction of ¢ to [0, 7] is a valid execution of {x : F'}
starting at w. By the box modality assumption, it follows that ¢(7) € [R].
As 7 was arbitrary, we conclude ¢([0,7,]) C [R]. Thus, ¢ € [{x: R}](w),
completing the proof.

Let w € S. To show w € [VaVz' ({x,z: RA F} <4 {x: F})], fix arbitrary
vectors u,v € R™ and define v = (w)( z,7')(u,v). Now, it suffices to show
that for an arbitrary trace ¢ € [{x,z : R A F}](v), there exists a trace
¥ € [{x: F}](v) such that ¢ ~x .

Define the candidate trace ¢ € T with duration T\, = T, and for t € [0, T}):

: /
B (o) = {(p(t)(v) if v exux,
v(v) otherwise.
To verify ¢ € [{x: F}](v), we need to check two properties:
1. x-regularity: The regularity of v is immediate by the (x, z)-regularity of
the original trace ¢.

2. ¢([0,Ty]) C [F]: Recall the syntactic side condition: z,z’ ¢ F. By con-
struction, we have ¢ ~, ;o . Since the original trace satisfies the
augmented constraint @({[O T,]) C [RA F] C [F], applying the Coinci-
dence Lemma 1 pointwise ensures that ([0, Ty]) C [F].

Combining these properties, we have ¢ € [{x : F}](v). As the choice of ¢
was arbitrary, this completes the proof. O
Let w € [[{x: F}]det A # 0]. To establish the refinement, fix an arbitrary
vector u € R”. We first demonstrate the existence of a unique derivative
vector v at the initial state w. Consider the following linear system

w[A] v = w[B]u + w[c]. (2)

Assume w € [F]. Otherwise, there is no trace ¢ € [{x : F}](w) and the
refinement holds vacuously. By the semantics of the box modality and w €
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[F], the zero-duration trace satisfies d,, € [{x : F}](w). Thus, the initial
state satisfies w € [det A # 0]. Hence, by Lemma 6, det w[A] = w[det A] #
0. By Theorem 4, the system (2) possesses a unique solution v € R™.
Define the candidate state v = (w)( z,7')(u,v). It suffices to show that for
every x-regular trace ¢ € [{x : F}](v), there exists a (x,z)-regular trace
P € [{x,2: FANAz' =Bz + c}](v) such that ¢ ~x .

By the box modality assumption and Lemma 6, we have p(t)[det A] =
det p(t)[A] # 0 for all ¢ € [0,T,]. Consequently, the matrix ¢(¢t)[A] is
invertible on the interval [0,7,]. Further, by the Differential Lemma 5, the
mapping ¢ — ¢(t)[A] is continuous. Thus, by Lemma 3 the mapping ¢ —
(p(t)[A])~! is a continuous function.

We define the time-dependent linear differential equation to determine the
trajectory of z:

Y'(t) =E@)y®) +£(#), y(0)=u, (3)
where E(t) = (o(t)[A]) “1(t)[B] and £(t) = (p(¢)[A]) ~t¢(t)[c]. Since the
mappings t — E(¢) and ¢ — f(¢) are continuous on the compact interval
[0,T,], by Theorem 5, equation (3) has a unique solution y : [0,7,] — R"
of class C*.

We define the refinement trace v € 7 with duration T, =T, by

P(t)(z) = y(t),
b(t)(z) =y (1),
() (v) = (t)(v) forv g zUz.

We show that v satisfies the required properties:
1. Differential constraint: By construction, equation (3) implies for all ¢ €
[0, Tw]:

Y(1)[2] = (e(O[AD ™ () [BIv(1)[2] + ((O)[A]) ™ o (t)[c]-

Also, by z,2’ ¢ A, b, c, applying coincidence of terms yields

Y(0)[2] = (w(O[AD T OBl ()[2] + (L () [AD) ™ (1) [e].-

Finally, rearranging this equation and folding the semantics of terms, we
obtain ¥([0,Ty]) C [Az' =Bz + c].
Also, by ¥ ~(, 6 ¢ and z, z' ¢ F, applying the Coincidence Lemma 1
pointwise yields ([0, Ty]) C [F1].

2. (x,z)-regularity: On x the regularity of ¢ is immediate by construction.
The regularity of ¢t — ¥(t)(z) follows from the regularity of ¢t — y(¢).
Further, by construction we have

Lop(t)(z) = ¥'(1) = (0.

Finally, combining these properties we have ¢ € [{x,z : F A Az’ = Bz +
c}](v), finishing the proof.
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AG Let w € [[{x: F}](e = 0 AdetJxe # 0)]. To establish the claim, it suffices
to show that there exist vectors ri,ro € R™ such that the modified state
v=(w)x, x')(ry, ry) satisfies the refinement relation

{x:F}<x{x,z2: FAz=g}

Assume w € [F]. Otherwise, there is no x-regular trace with ¢ € [{x :
F}](w) and the claim holds vacuously.

Thus, by w € [F] it holds §,, € [{x : F}](w). Crucially, the box assumption
implies w = §,,(0) € [e = 0 A det Jx e # 0]. Applying Lemma 7, there exists
a unique C? trace p : J — S with p(0) = w.

Hence, by the C? regularity of p, the valuation ¢ — p(t)[g] is continuously
differentiable on J. Therefore, t — < p(t)[g] is well-defined on J.

We now define a candidate state v € S by

v(z) = W[[g]],
v(z)
v(v)

To show that v € [{x: F} <x {x,z: F Az = g}], fix an arbitrary x-regular
trace ¢ € [{x : F}](v). It suffices to construct a (x,z)-regular trace ¢ € C} ,
such that ¢ € [{x,z: F Az =g}](v) and ¢ ~x ¢.

At any t € [0,T,], the trace ¢ satisfies the algebraic condition of Lemma
7. Since the C? trajectory p is locally unique, ¢ and p must be identical on
a neighborhood (t — &,t + €), ensuring that ¢t — ¢(¢)(x) is C? on [0,T,].
Therefore, by the chain rule (Lemma 5) the semantic valuation ¢t — ¢(¢)[g]
is of class C*([0, T}], R™).

We define the candidate trace 1) € T by

P(t)(z) = (1]l
YO = Sod)l,
P(t)(v) = @(t)(v) forv € zUZ.

We show that 1 satisfies the required trace conditions:

1. Differential constraint: By construction, we have ¢([0,Ty]) C [z = g].
Applying the Coincidence Lemma pointwise, by the syntactic side con-
dition z,2z’ ¢ FV(F) and ¢([0,7,]) C [F], we have ([0,Ty]) C [F].
Thus, ([0, Ty]) C [F]N[z = g] = [F Az =g

2. (x,z)-regularity: The regularity of ¢t — (t)(x) follows directly from
the regularity of ¢ — ©(t)(x). Moreover, t +— (t)(z) is of class
C1([0, Ty],R™) by the regularity of t — ¢(t)[g].

Combining these properties, we have ¢ € [{x,z: F Az = g}](v).

4 tel,
w(v )forngzUz’.

Proof (Soundness of Subsystem Axioms).
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Let w € [{x: F} <x{x: G}]. Toshow w € [{x: FAR} <x{x: GAR}], fix
an arbitrary x-regular trace ¢ € [{x : F' A R}](w). It suffices to show that
there exists a trace ¢ € [{x: G A R}](w) such that ¢ ~x .

By the semantics of DAPs, ([0,T,]) C [F' A R] C [F], which implies ¢ €
[{x: F}](w). From the refinement assumption, it follows that there exists a
trace ¢ € [{x: G}](w) with ¢ ~x .

Moreover, because ¢ and 1 are x-regular and share the initial state w, they
must remain constant outside x U x’. Since they also coincidence on x U x’
and have equal duration, they are identical. By ¢ ([0, T,]) C [R], we conclude
¥([0,Ty]) C [R]. Thus, ¥ € [{x: G A R}](w), as required.

Let w € S be such that

w € [[{x : Iy 3y FH )],
w € [[{x,y : Iy IyGH(G)],
we [{x: F} <x{x:G}].
Fix an arbitrary trace ¢ € [{x,y : F'}](w). It suffices to show that there

exists a (x,y)-regular trace ¢ € [{x,y : G}](w) such that ¢ ~x ¢.
We construct the trace ¢ € 7 with duration Ty, = T,:

Pt (y) =w(y),

o)) =wly'),

() (v) = p(t)(v) forv €y Uy’
A(

This construction implies ¢([0, T, ]) C [3y’dyF]. By the assumption w €
[[{x: 3y'IyF}|F], we have ¢([0,T,]) C [F]. Thus, ¢ € [{x: F}]. Applying
the refinement assumption to @, there exists a trace ¢ € [{x : G}](w) such
that @ ~x .

We construct the trace ¢ € T with duration Ty, = T,:

D(B)(y) = (t)(y),
D) = o),
Y(t)(v) =4(t)(v) for v £ y Uy

By construction, we have v € C}(,y and 1[)([0, T,]) C [3y’3yG]. Moreover, by
assumption w € [[{x,y : Jy'3yG}|G], we have 1([0,T]) C [G], completing
the proof. a

A.3 Derived Rules

This section completes the proof of Theorem 1.

Proof. We derive each of the rules individually:

J

The Jacobian axiom follows directly from the definition of syntactic (partial)
derivatives (Definitions 8), note that as all definitions are syntactic, direct
symbolic manipulations suffice.
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dW First, recall that the K axiom
K [of(P—= Q)= ()P — [0]Q)
and the G rule:

FP

“TE P

Next, applying the K and the DW axiom, we have

*

I+ [x:FNF-P) PV T F [(x:F)IF

I' - {x:F}P

K

The open goal can we further reduced by generalization:

Fr P
I+ [{x: F}](F—P)

G

295

Finally, composing the above derivation construct the desired derivation:

FEP

W (= FyP A

dA First, by transitivity we split with the intermediate formula R:

I {x:F}<{x:R}),A TI'tF {x:R}<x{x:G} A

<t
- 'k {x:F} < {x:G},A

Then, by another application of transitivity, we split the remaining goal via

the intermediate constraint F' A R:

*

DR
<t

I'F {x:F}<x{x:FAR} A I'F {x:FAR}<x{x:R},A

't {x:F}<4x{x:R},A

Finally, by differential cut and differential weakening, the refinement reduces

to an implication between the corresponding constraints:

FFR
I+ [{x:FY(FAR),A

' {x:F}<x{x:FAR} A

dW
DC

Combining the above derivations we have the desired goal:

FFR T F {x:R}< {x:G},A

A X P < (x: GLA
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dI Unfolding the mutual refinement, it suffices to show that
I'H{x:FAhe=0}<x{x:F}
and
I'H{x:F}<x{x:FAe=0}

We first consider the right-to-left refinement, which follows immediately from
the differential refinement axiom DR:
*
'k {x:ex0ANF}<{x:F},A
'k {x:FAhe=x0}<x{x:F},A

DR
dA

To obtain the left-to-right refinement
I'H{x:F}<x{x:FAre=0},A
we apply the transitivity axiom <! along the following chain of formulas:
Gi1=F,
Go=FAn(e) <0,

Gs=FAe=<0A(e) <0,
Gi=FAnNne=x0.

(a) First, by the DC axiom, the refinement is reduced to a box-modality:
I' b {x:F}(e) <0,4

N T PFEA () <0),4
DT xiF) < (x FA(e) <0},

' {x:G1} <x{x:G},A

(b) Next in the refinement chain, we reduce the expression to a box modal-
ity by removing the system constraint F' using axiom DM, after which
axiom DC applies.

b 't [{x:(e) <0}le<0,A
DM FE {x:(e)<0}<{x:(e) <0Nne=0},A
dA I'F {x:(e) <OANF} < {x:(e) <OAe=<O0AF},A

' {x:FA(e) <0} <x{x:FAe=<0A(e) <0},A
I'F {x:G2} <x{x:G3},A
By x’ ¢ e, the remaining goal is closed by cutting in e < 0 and applying
the DI< axiom:

unfold

*
DI
I'ke=x0,A : Ne=<0F [{x:(e) <0}]le=<0,A
I'F [{x:(e) <0}ex<0,A
(¢) The last refinement is immediately closed by DR:

cut
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*k
'k {x:Fre=x0A(e) <0}<x{x:FAre=0},A
I'F {x:G3} <x{x:G4},A

Finally, the desired derivation follows by transitivity form the above
derivations:

DR
unfold

I'Fe=x0,A It [{x:F}e))<0,A
'k {x:F}=x{x:FAhe=<0}A
dHC Unfolding the refinement equality, it suffices to show that

dI

I'b{x:FA(e) =0}<x{x:F}
and

H{x:F}<;{x:FA(e) =0}
We first consider the right-to-left refinement, which follows immediately from
the differential refinement axiom DR:

*

'k {x:(e=0ANF}<x{x:F},A
' {x:FA(e)=0}<x{x:F},A
To obtain the left-to-right refinement

DR
dA

H{x:F}<x{x:FA(e)=0},A
we apply the transitivity axiom <! along the following chain of formulas:

G1 = F,

Go=FANe=0,
Gs=FA(e)) =0ne=0,
Gy=F A (e) =0.

(a) First, by the DC axiom, the refinement is reduced to a box-modality:
I' - [{x:F}le=0,A

' {x:F}<{x:FAhe=0}A

I'F {x:G1} <x{x:G2},A

(b) Next in the refinement chain, we reduce the expression to a box modal-

ity by removing the system constraint F' using axiom DM, after which
axiom DC applies.

't {x:e=0}](e)) =0,A

DC
unfold

DDﬁ I F {x:e—0}<{x:e—0A(e) =04

A 'k {x:e=0AF}<x{x:e=0A(e))=0AF},A

: ' {x:Fhe=0}<x{x:FA(e)) =0Nne=0},A
unfold

I + {XZGQ} Sx{XiGg},A

By x’ ¢ e, the remaining goal is closed by cutting in e < 0 and applying
the DHC axiom:
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*

re (=04 T @ =0F {x:e=0}j(e) = 0,4

I'F {x:e=0}](e))=0,A
(¢) The last refinement is immediately closed by DR:

cut

'k {x:FA(e)=0ne=0}<x{x:FA(e)=0}A
I'F {x:G3} <x{x:G4},A

Finally, the desired derivation follows by transitivity form the above
derivations:

DR
unfold

'k (e)=0,A It [{x:F}le=0,A

dHC [‘}—{XZF}:X{X:F/\(e)/:O}’A

A.4 Index Reduction

Proof. To derive the refinement property
H{x:f,=0AQ}=x{x:fH =0AQ},

we proceed by induction over m.

Case m = 0. This case is immediate by dA:

*
FfH=0AQ+<fHh=0AQ
I+ {X:fOZO/\Q}:x{X:fOZO/\Q}

R
dA

Case m = k + 1. For the induction step, assume that the following is a valid
derivation of dARL:

I AN@) =0 F A (E=0AQ =1, =0)
' {x:f=0"NQ}=x{x:fi=01"Q}

To derive the condition for m = k + 1, it suffices to prove that

Fk(rk)’:O fr=0ANQ F ry=0
Fl—{Xifk+1:O/\Q}:x{thk:O/\Q}
is a valid derivation of dARL.

The dHC rule allows adding the constraint (g)" = 0 to the system, since it
is invariant under g = 0 and x’ ¢ gx:

F}—(I‘k)/zo F}—[{X:kaO/\QHI‘k-ZO
FF{X:fk-:OAQ/\(rk)/:O}:x{X:fk:O/\Q}
Fl_{Xifk+1:0/\Q}:x{X:fk:0/\Q}

Finally, the box goal can be reduced to:

dHC
unfold
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fr=0ANQ Fr,=0
I+ [{X:fk:()/\Q}]I‘k:O

dW

Combining the above derivation steps, we obtain

Fl—(rk)’:O kaOI—I‘kZO
I'F {x:fi;1=0"Q}=x{x:f,=0AQ}

An application of rule r'TR, along with propositional transformations, yields:

I AN r) =0 F A (fi=0AQ —r;,=0)
I+ {X:fk+1 :OAQ}:X{XfOZO/\Q}
This establishes the desired result.




	A Deductive Refinement Calculus for Differential-Algebraic Programs

