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Abstract. This paper introduces a novel axiomatic proof calculus for
differential-algebraic dynamic logic (dAL). The calculus enables deductive
verification and sound transformation of differential-algebraic programs
(DAPs), which generalize differential-algebraic equations, while remain-
ing compatible with differential dynamic logic (dL) for hybrid programs.
One central contribution is the ghost switching axiom which establishes
precise conditions to decompose multi-modal DAPs into equivalent hy-
brid systems with ordinary differential equations. The applicability of
the calculus is demonstrated through a formal equivalence proof, show-
ing the reduction of the Euclidean pendulum from a differential-algebraic
formulation to an equivalent system of ordinary differential equations.

Keywords: Differential dynamic logic · Differential-algebraic equations
· Proof calculus · Theorem proving

1 Introduction

Hybrid systems with explicit (vectorial) ordinary differential equations (ODEs)
x′ = f(x) are important models for cyber-physical systems [13,3,8] and have been
axiomatized in differential dynamic logic (dL) [21,25,23,26], which is the basis of
the theorem prover KeYmaera X [10] that was used to prove correctness proper-
ties of aircraft, train and robotics systems [7,14,17]. This paper extends (modern
differential-form) differential dynamic logic [25] with differential-algebraic pro-
grams (DAPs). DAPs allow the relation of x and its time-derivative x′ to be
defined by a formula of first-order real arithmetic. In particular, DAPs include
ordinary equations given by implicit equations such as f(x′, x) = 0. Beyond
that, DAPs also support composition using logical operators such as conjunc-
tions ∧ and disjunctions ∨, enabling modular and flexible specification of system
behavior. This gives rise to easy combinations and extensions of systems.

Consider a model of an electric circuit consisting of a resistor r, a capacitor c
and a source s. Each component of the circuit can be given by a local equation:

vr = R ir, ic = C v′c, vs = 0,

where v• and i• are the voltage and the current of each component, and R and C
are constants. Assuming these three elements are connected in series, Kirchhoff’s
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laws contribute two connection constraints ir = ic and vr + vc = vs. Putting
everything together, the electric circuit is described by the single real-arithmetic
formula

vr = Rir ∧ ic = Cv′c ∧ vs = 0 ∧ ir = ic ∧ vr + vc = vs.

The complete model emerges by simply joining each component’s constitutive
equation with the corresponding connection constraints. This illustrates the key
advantage of differential-algebraic programs: complex systems are built compo-
sitionally from independent components. For that reason, differential-algebraic
equations are the mathematical foundation for the popular modeling tool Mod-
elica [9]. However, the DAPs presented in this paper extend beyond differential
algebraic equations by allowing inequality and quantified constraints such as
x′ ≤ f(x) and ∃y(g(x, y) = 0 ∧ x′ = f(x)). This added expressiveness supports
modelling of uncertainty and of dynamics with non-polynomial right-hand sides.

Yet, the expressive power and flexibility of DAPs comes with added com-
plexities in numerical and symbolic analysis. DAPs may have hidden constraint
that are only revealed when differentiating one of their algebraic constraints.
Consider the Euclidean pendulum1 [18, p. 13] — a classical example of a system
of differential-algebraic equations. Its dynamics are given by the formula

x′ = v ∧ v′ = λx ∧ y′ = w ∧ w′ = λy − g ∧ x2 + y2 = 1,

where x, y are the pendulum’s position coordinates, and v, w are the velocities.
The scalar λ is a Lagrange multiplier implicitly constrained by the holonomic
condition x2 + y2 = 1, and g denotes the gravitational constant. Suppose we
wish to analyze the pendulum’s behavior with respect to some safety property.
Although x and y are confined to the unit circle, their time derivatives x′ = v
and y′ = w are governed by the equations v′ = λx and w′ = λy − g, so the
evolution of x and y depends on the unknown multiplier λ. This multiplier is
not a free parameter of the system: solutions exist only if λ satisfies the hidden
constraint

λ = gy − (v2 + w2).

That relation is not explicit in the original model. It is only uncovered after
repeatedly differentiating the algebraic constraint x2 + y2 = 1 and performing
algebraic manipulations. Without this hidden constraint, we cannot directly an-
alyze the behavior of x and y, because λ would remain undetermined. While
such derivations are feasible for small examples, carrying them out by hand is
tedious and error-prone, and doing so outside a formal logical framework forfeits
any end-to-end guarantee of correctness. Because hidden constraints are a fun-
damental feature of DAPs, we need systematic and sound principles to uncover
them, and a logic expressive enough to state and prove the resulting properties.

To meet this need, this paper introduces the differential-form differential-
algebraic dynamic logic (dAL). This new logic gives native support to hybrid

1 Its equations follow from the Lagrangian L(x, y, λ) = gx− 1
2
(v2+w2)+ λ

2

(
x2+y2−1

)
.
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programs whose continuous behavior is specified by DAPs and provides an ax-
iomatic proof calculus for reasoning about their dynamic properties. This calcu-
lus fulfills two roles. First, it guarantees correctness-preserving transformations
of DAPs. Second, it enables rigorous proofs of system properties such as safety
and reachability.

A first precursor, differential-algebraic dynamic logic (DAL) [22,23], already
extended the original, non-differential-form variant of differential dynamic logic.
The differential-form logic dAL presented in this paper builds on DAL and
changes it in several essential ways. The main contributions of this paper are:

1. Logical foundations for model transformations: This calculus establishes a
rigorous basis for differential and algebraic transformations of DAPs — an
indispensable capability for practical work with DAPs that was not available
in DAL. It also lays the groundwork for future integration with larger-scale
modelling frameworks.

2. Axioms for non-normalized differential constraints: The prior DAL proof cal-
culus required a syntactic normalization of DAPs. The new axioms remove
that prerequisite: they apply directly and modularly to non-normalized for-
mulas, streamlining proofs and simplifying implementation.

3. Ghost switching axiom: We introduce a new ghost switching axiom that
gives exact criteria for when a multi-mode DAP can be split into a hybrid
systems containing simpler, single-mode components. This axiom formally
justifies a transformation that has previously been used without proof in the
literature[28,15].

4. Differential-form reasoning : Our proof calculus employs differential forms,
linking it to existing differential-invariant completeness results [27]. The
same completeness guarantee now applies to every DAP that can be reduced
to a polynomial ordinary differential equation.

5. Local Hilbert-type proof calculus: Compared to the prior DAL sequent cal-
culus, our formulation represents a significant step toward a uniform sub-
stitution calculus for dAL. Uniform substitution externalizes side-condition
checking, simplifying proof manipulation and theorem prover implementa-
tions [25].

2 Differential-algebraic Dynamic Logic

This section briefly introduces the syntax and semantics of (differential-form)
differential-algebraic dynamic logic, with a focus on its continuous fragment.
For a full treatment of the discrete fragment, the interested reader is referred to
the foundational work on dL [25,26].

2.1 Syntax

The set V contains all variables and for each variable x ∈ V, there is a differential
variable x′ ∈ V. By V ′ ⊆ V we denote the set of all differential variables. A
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differential variable x′ represents the instantaneous rate of change of x, much like
a derivative in calculus. However, rather than being a function of time explicitly it
is treated as an independent variable within the system. This abstraction allows
differentials to be represented algebraically, making it possible to manipulate
them syntactically.

Definition 1 (Syntax of terms and formulas [25,26]). The language of
dAL terms is generated by the following grammar, where x is a variable, c is a
rational constant, and f is a function symbol:

e, g ::= x | c | f(e1, . . . , ek) | e · g | e+ g | (e)′.

The language of dAL formulas is generated by the following grammar, where x is
a variable, P a predicate symbol, and α a differential-algebraic program (Def. 2):

F,G ::= e ≤ g | P (e1, . . . , ek) | F ∧G | ¬F | ∀xF | [α]F.

Remark 1. The usual logical and modal operators such as <,≥, >, ̸=,∨,→, ∃
and ⟨·⟩ are definable in terms of more primitive constructs. For instance, dis-
junction can be defined as A ∨ B ≡ ¬(¬A ∧ ¬B), and the diamond modal-
ity as ⟨α⟩P ≡ ¬[α]¬P . Throughout this work, we adopt vectorial notation:
x̄ = (x1, . . . , xn) denotes a tuple of variables. For vector-valued function sym-
bols f(x̄) = (f1(x̄), . . . , fn(x̄)), the expression x̄ = f(x̄) abbreviates the conjunc-
tion

∧n
i=1 xi = fi(x1, . . . , xn). The square of the Euclidean norm is defined as

∥x̄∥2 ≡
∑n

i=1 x
2
i .

Remark 2. For a variable x and formula F we write x ∈ F to mean that x is a
free variable of that formula [25, Def. 7].

Definition 2 (Syntax of programs [25,26]). The language of dAL programs
is generated by the following grammar, where x is a variable, x̄ is a tuple of
variables, e is a term, and F is a formula of first-order real arithmetic:

α, β ::= x := e | ?F | {x̄ :F} | α;β | α ∪ β | α∗.

Remark 3. In this syntax, an assignment is denoted by x := e, a test by ?F , a
nondeterministic choice by α ∪ β, and a nondeterministic loop by α∗. For any
n ∈ N, the notation αn denotes the n-fold sequential composition of α.

Remark 4. Unlike ordinary differential equations, where the bound variables are
syntactically evident form x′ = f(x), DAPs may involve arbitrary first-order real
arithmetic formulas. For this reason, the notation used here explicitly indicates
which variables evolve in the DAPs: in {x̄ :F}, the bound variables are given by
the tuple x̄.

2.2 Semantics

A dAL state is a function ω : V → R that assigns a real value to each variable
in the set of all variables V. The set of states is denoted by S. Given a subset
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X ⊆ V, we write X∁ = V \ X for its complement. For a variable x and a real
value r ∈ R, we write ωr

x to denote the state obtained from ω by replacing its
value at x with r. For a state ω ∈ S and a tuple x̄, we write ω(x̄) as a shorthand
for (ω(x1), . . . , ω(xn)). Finally, the partial derivative of a differentiable function
h with respect to x is written as ∂h

∂x .

Definition 3 (Semantics of terms [25]). The semantics ωJeK ∈ R of a dAL
term e in state ω ∈ S is inductively as follows:

1. ωJxK = ω(x) for a variable x ∈ V,
2. ωJf(e1, . . . , ek)K = f(ωJe1K, . . . , ωJekK) for a function f : Rk → R,
3. ωJe+ gK = ωJeK + ωJgK,
4. ωJe · gK = ωJeK · ωJgK,
5. ωJ(e)′K =

∑
x∈V ω(x′)∂ωJeK

∂x .

The differential (e)′ characterizes how the value of e changes locally in response
to variations in its free variables x. Specifically, it expresses this dependence as a
function of the corresponding differential symbols x′, which represent the rate of
change of x. We note that each term e can only have finitely many free variables.
Therefore, the sum in the definition of (e)′ is always finite.

Definition 4 (Semantics of formulas [25]). The semantics of a dAL formula
F is the subset JF K ⊆ S of states in which F is true and defined as:

1. Je ≤ gK = {ω ∈ S | ωJeK ≤ ωJgK},
2. JP (e1, . . . , en)K = {ω ∈ S | (ωJe1K, . . . , ωJenK) ∈ JP K},
3. J¬F K = S \ JF K,
4. JF ∧GK = JF K ∩ JGK,
5. J∀xF K = {ω ∈ S | ∀r ∈ R : ωr

x ∈ JF K},
6. J[α]F K = {ω ∈ S | ∀(ω, ν) ∈ JαK : ν ∈ JF K}.

The box modality [α]F is used to express safety properties, statements that hold
after all possible executions of the system. If [α]F is true in a given state, it
guarantees that no matter how the system evolves according to the program
α, the condition F will always hold. The diamond modality ⟨α⟩F , on the other
hand, is used to express reachability properties, statements asserting that some
execution of the system can lead to a desired state. If ⟨α⟩F holds, then there
exists at least one execution of the program α that reaches a state where F is
true.

Definition 5 (Real-analytic function). On an open set U ⊂ R the function
f : U → R is said to be real-analytic, if for every t0 ∈ U there exist ε > 0 and
coefficients ak ∈ R such that for all t ∈ (t0 − ε, t0 + ε)

f(t) =

∞∑
k=0

ak(t− t0)
k.

Definition 6 (Flow). A mapping φ : (a, b)→ S is called a flow in x̄, if φ(·)(x̄)
is real-analytic on (a, b) and satisfies the following two properties:
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1. φ(t)(x̄′) = dφ(t)(x̄)
dt (t) for all t ∈ (a, b),

2. φ(t) = φ(0) on (x̄ ∪ x̄′)∁ for all t ∈ (a, b).

We write Ax̄(a, b) to denote the set of flows in x̄ defined on the interval (a, b). For
a formula F and an interval I, we also write φ(I) ⊆ JF K to denote φ(t) ∈ JF K
for all t ∈ I.

Remark 5. There always exists a flow φ ∈ Ax̄(−ε, ε) that satisfies a given state
ω ∈ S at time 0. Define φ : (−ε, ε)→ S, φ(t)(x̄) = ω(x̄′)t+ ω(x̄). We can verify

that φ(0)(x̄) = ω(x̄) and φ(0)(x̄′) = dφ(t)(x̄)
dt (0) = ω(x̄′).

Definition 7 (Semantics of programs). The semantics of a dAL program α
is the transition relation JαK ⊆ S × S and is defined as follows:

Jα ∪ βK = JαK ∪ JβK,
Jα;βK = JαK ◦ JβK,
Jx := eK = {(ω, ωr

x) | r = ωJeK},
J?F K = {(ω, ω) | ω ∈ JF K},
Jα∗K =

⋃
n∈NJαnK,

J{x̄ :F}K = {(ω, ν) | There exist T ≥ 0, ε > 0 and a flow φ ∈ Ax̄(−ε, T + ε),

with φ([0, T ]) ⊆ JF K and ω = φ(0) and φ(T ) = ν}.

Remark 6. The semantics of DAPs require flows to be real-analytic functions on
an open neighborhood of [0, T ]. In contrast, the differential constraint F only
needs to hold on the smaller closed set [0, T ]. This property is crucial for the
soundness of the proof calculus in Section 3.

Example 1. To better understand the open-neighborhood assumption on flows,
consider the following two DAPs:

α ≡ {x :x′ = −1 ∧ x ≥ 0} and β ≡ {x, y :x′ = −1 ∧ y2 = x ∧ x ≥ 0}.

Fix the initial state ω(x) = 1, ω(x′) = −1, ω(y) = 1, and ω(y′) = −1/2. For
some ε > 0, a flow φα ∈ Ax(−ε, 1 + ε) of system α is given by φα(t)(x) = 1− t.
Since φα(·)(x) is a polynomial, it extends analytically beyond the interval [0,1],
even though the differential constraint only holds on [0,1]. For system β, a flow
φβ ∈ Ax,y(−ε, 1+ ε) is given by φβ(t)(x) = 1− t and φβ(t)(y) =

√
1− t for any

value 0 ≤ T < 1. However, φβ(·)(y) does not extend to [0, 1], because its first
derivative exhibits finite-time blow-up (see Fig. 1):

lim
t→1

dφβ(t)(x)

dt
= lim

t→1
− 1

2
√
1− t

= −∞.

While for both system α and β there exists a flow that satisfies their re-
spective constraint each closed subinterval I ⊂ [0, 1], only system α has a flow
that also satisfies it on [0, 1]. More generally, Def. 6 ensures that φ remains well-
behaved in a small neighborhood of [0, T ] and ensures all derivatives are bounded
on [0, T ].
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Fig. 1. The behavior φβ(·) at y and y′ as t → 1.

Differential-algebraic programs are strictly more expressive than ODE systems
in dL. Below, we show three key examples:

1. Modeling Uncertainty: Differential-algebraic programs can represent sys-
tems with continuous uncertainty by incorporating disturbances. For in-
stance, the system

{x,w :x′ = f(x,w) ∧ w− ≤ w ≤ w+}

describes a dynamical system where the evolution of x is governed by f(x,w)
with a disturbance w, constrained within the range [w−, w+].

2. Implicit System Characterization: Differential-algebraic programs can
define systems implicitly using existential quantification. Consider:

{x :∃y(x′ = y ∧ y2 = x ∧ x > 0)}

Here, the derivative of x is characterized by the square root of x, as x′ = y
must hold for some y satisfying y2 = x. This implicitly defines the nonpoly-
nomial differential equation with nonunique solutions:

x′ = ±
√
x, for x > 0.

3. Multimodal Systems: These programs can naturally represent multimodal
continuous programs. For example, the system

{x : (x′ = f(x) ∧ x ≤ 0) ∨ (x′ = f(x) ∧ x ≥ 0)}

models an evolution in the two domains x ≤ 0 and x ≥ 0. In Section 3, we see
that such programs can be decomposed into a loop with a nondeterministic
choice between the two modes, provided that the handoff points are carefully
managed. Note that there is no arbitrary switching between these two modes,
because flows are real-analytic.

Remark 7. All ODE solutions in the dL sense are real-analytic (By the Cauchy-
Kovalevskaya Theorem [16, Theorem 1.7.1], all ODE solution with real-analytic
right-hand side are real-analytic). Thus, the dAL DAP semantics generalize the
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dL ODE semantics, allowing for a broader class of systems. In particular, the
expressive term language of DAPs in dAL permits non-Lipschitz differential con-
straints (See 2 above). Non-Lipschitzian systems exhibit an implicit nondeter-
minism, such as spontaneous movement from rest [2]. To avoid unintended im-
plicit behavior, we restrict flows to be real-analytic. When nondeterminism is
needed, it can be explicitly introduced using discrete program constructs. For
instance, a flow of the system {x :x′ = f(x)∨x′ = g(x)} never switches between
two distinct right-hand sides. Because the flows of both modes are real-analtyic,
the Identity Theorem for real-analytic functions [16, Cor. 1.2.6 p. 14] guarantees
that any two flows agreeing on an open time interval must agree along their
whole trajectories. If switching is desired, it must be made explicit with discrete
assignments:(

x′ := f(x); {x :x′ = f(x)} ∪ x′ := g(x); {x :x′ = g(x)}
)∗
.

Choosing flows to be real-analytic strikes the balance between flexible model-
ing and control over system behavior while still allowing for a powerful proof
calculus.

3 Axiomatic Proof Calculus

In this section, we introduce a proof calculus for DAPs from Section 2. The
complete proofs of the statements in this section are presented in [12].

3.1 Progress, Exit and Entry formulas

For reasoning about DAPs and the soundness of our proof calculus, it is cru-
cial to understand how DAPs evolve locally and under what conditions they
transition between modes. For discrete-time programs, the notion of next step is
unambiguous: given a current state, there is a distinct next state at the subse-
quent time step. In the loop (x := −x)∗, a state with x > 0 is followed by a state
with x < 0; each state has a distinct successor state. In contrast, continuous-
time programs differ fundamentally, because the state evolves on real intervals
of time. There is no smallest positive time instance, so there is no notion of next
state — one can speak only of states that are arbitrarily close in the future.

Example 2. Let us consider the differential-algebraic program

{x :x′ = 1 ∧ −1 < x ∧ x ≤ 1},

started in the initial state ω ∈ S. The unique flow of this system is given by

φ(t)(x) = ω(x) + t

as long as −1 < φ(t)(x) ≤ 1 is satisfied. We consider three cases for the initial
condition:
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(i) Strictly inside the domain: If −1 < ω(x) < 1, there always exists a positive
time increment ε > 0 such that ω(x)+ε < 1. Hence, the system can advance
by every such ε, and the flow may continue until ω(x) reaches 1.

(ii) On the boundary: If ω(x) = 1, the inequality φ(t)(x) ≤ 1 is already tight.
Any positive advance would violate it, so the only admissible evolution is
the blocked flow φ(t)(x) = ω(x) + t for t = 0.

(iii) Outside the domain: If ω(x) > 1, the initial state breaks the constraint
φ(t)(x) ≤ 1 — no execution is possible.

This example illustrates that there exist states in which the system can evolve
and others where further progress is impossible. This distinction motivates the
following definition:

Definition 8 (Local progress formula [27, p. 24]). Let ȳ and ȳ′ be two
tuples of variables that do not occur in the formula F . The local progress formula
of the system {x̄ :F} is defined as

⟨{x̄ :F}⟩⃝ ≡ ∃ȳ∃ȳ′ (x̄ = ȳ ∧ x̄′ = ȳ′ ∧ ⟨{x̄ :F ∨ (x̄ = ȳ ∧ x̄′ = ȳ′)}⟩(x̄ ̸= ȳ)) .

The formula expresses that, from the current state, the system can evolve to a
different state—that is, make local progress. The right disjunct in the diamond
modality includes all the points on the boundary of F that may not be strictly
contained in F . In this way, the formula captures all states from which there
exists a positive time step such that the state advances into F .

Example 3 (continued). Continuing Example 2, the progress formula ⟨{x :x′ =
1 ∧ x ≤ 1}⟩⃝ precisely captures the concept we previously discussed: the char-
acterization of states in which the system can locally evolve. In this particular
instance, the progress formula is equivalent to x′ = 1 ∧ −1 < x ∧ x < 1.

Equipped with the notion of progress formulas, we now define local exit formulas,
which identify the state from which a flow may no longer continue within a mode,
and local entry formulas, which mark the states from which a mode may start.
Together, these formulas make it possible to describe the exact conditions under
which a system leaves one mode and enters the next. The following definition is
inspired by the approach in prior work [11].

Definition 9 (Local exit and entry formulas). Let F− ≡ [x̄′ := −x̄′]F de-
note the reverse-flow formula of a formula F . The local exit formula ⟨{x̄ :F}⟩↑⃝
and the local entry formula ⟨{x̄ :F}⟩↓⃝ of the system {x̄ :F} are defined as

⟨{x̄ :F}⟩↑⃝ ≡ (⟨{x̄ :¬F}⟩⃝ ∧ F ) ∨ (⟨{x̄ :F−}⟩⃝− ∧ ¬F ),

⟨{x̄ :F}⟩↓⃝ ≡ (⟨{x̄ :F}⟩⃝ ∧ ¬F ) ∨ (⟨{x̄ :¬F−}⟩⃝− ∧ F ).

Remark 8. A state ω satisfies the exit formula, if and only if, one of two situations
occurs:

(i) Forward flow : Starting from ω, there exists a flow of positive duration that
satisfies the constraint F initially, but enter its negation ¬F immediately.
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(ii) Reverse flow : Alternatively, beginning in ω, there exists a time-reverse flow
of positive duration that starts in the negation ¬F and enters the constraint
F .

Including the reverse-flow disjunct may seem surprising at first, but it is essen-
tial when the system’s constraint is open. Open constraints do not contain their
boundary, so no forward flow can reach the boundary while staying in the con-
straint. By considering a reverse flow starting form the negation, we can capture
the exit points on the boundary.

Example 4 (continued). We now apply the notions of entry formula and exit

x

x′

-1 1 x

x′

-1 1

Fig. 2. Entry and exit formula for {x :x′ = 1∧−1 < x∧x ≤ 1}. Left: The exit formula
includes all points from which a trajectory can locally leave the constraint region
(black arrows). The excluded left endpoint is shown as an open circle, the included
right endpoint as a filled circle. Right: The entry formula includes all points where
trajectories can locally enter the region.

formula to the differential-algebraic program

{x :x′ = 1 ∧ −1 < x ∧ x ≤ 1}

from Example 2. Exit formula: A state satisfies the exit formula, if there exists a
flow of positive duration that makes progress into the constraint’s negation or a
reverse flow can progress from the negation into the constraint. For the present
system this reduces to

⟨{x :x′ = 1 ∧ −1 < x ∧ x ≤ 1}⟩↑⃝ ↔ x′ = 1 ∧ −1 < x ∧ x ≤ 1.

The left-hand inequality remains strict, because each flow starting in the domain
immediately evolves away from the left boundary, i.e., it is no exit point (See
Fig. 2 left). Entry formula: In contrast to the exit formula, a flow may enter into
the constraint through its left open boundary, even though it is not part of the
constraint (See Fig. 2 right). Consequently, both disjuncts from Def. 9 contribute
to the entry formula. It reduces to

⟨{x :x′ = 1 ∧ −1 < x ∧ x ≤ 1}⟩↓⃝ ↔ x′ = 1 ∧ −1 ≤ x ∧ x < 1.
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A central lemma, ensuring the correctness of the definition of exit and entry
formulas, is the following generalization of the intermediate value theorem:

Lemma 1. Let T ≥ 0, ε > 0, φ ∈ Ax̄(−ε, T + ε) be a flow and F be a semi-
algebraic formula. Then, if we have φ(0) ∈ J¬F K and φ(T ) ∈ JF K, there exists a
ξ ∈ [0, T ] such that φ(ξ) ∈ J⟨{x̄ :F}⟩↓⃝K and φ(ξ) ∈ J⟨{x̄ :¬F}⟩↑⃝K.

This lemma formalizes our intuition of entry and exit formulas: when a sys-
tem’s trajectory transitions from a state not satisfying F to one satisfying F ,
then there must be an intermediate point simultaneously satisfying the entry
formula ⟨{x̄ :F}⟩↓⃝ and the exit formula ⟨{x̄ :¬F}⟩↑⃝. Now, we finally have
the necessary tools to formally define when two modes of a DAP are consistent:

Definition 10 (Mode consistency). Let F and G be two formulas of first-
order real arithmetic. The mode consistency formula F ⇝x̄ G of F and G is
defined as

F ⇝x̄ G ≡ (⟨{x̄ :F}⟩↑ ⃝ ∧⟨{x̄ :G}⟩↓⃝)→ (F ↔ G).

Intuitively, the formula F ⇝x̄ G states that if a state satisfies both the exit
formula of F and the entry formula of G, then both constraints must agree at
that point. If this condition is satisfied along every trajectory of a system, the
disjunctive DAP {x̄ :F ∨G} can be safely decomposed into a two distinct DAPs
without losing any of its original behavior. The role of this definition for ensuring
correct decompositions is illustrated in the following example:

Example 5. Consider the unrestricted system α ≡ {x :x′ = 1}. Inconsistent
decomposition: One might try to decompose the system into the loop

β ≡ ({x :x′ = 1 ∧ x < 0} ∪ {x :x′ = 1 ∧ x ≥ 0})∗.

The two modes meet at the single boundary state x′ = 1 ∧ x = 0. That state
is precisely the conjunction of the exit formula of the first mode and the entry
formula of the second mode. Because the first mode excludes x = 0, it creates
an implicit infinitesimal barrier, preventing a continuous transition between the
two modes. In the original system α, the value of x evolves continuously from
negative to positive values without restriction. Hence, α has distinct behavior
from β and the consistency condition fails. Consistent decomposition: Including
the boundary in both modes resolves the issue:

γ ≡ ({x :x′ = 1 ∧ x ≤ 0} ∪ {x :x′ = 1 ∧ x ≥ 0})∗.

With the notion of mode consistency formally defined, we now present an ax-
iomatic proof calculus for dAL, which allows rigorous reasoning about mode
transitions and model transformations:
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Theorem 1 (Soundness). The following formulas are sound axioms of dAL,
i.e., they are valid in all states:

[{x̄ :F}]FDW

[{x̄ :F ∧G}]P ↔ [{x̄ :G ∧ F}]PC

[{x̄ : e = 0}](e)′ = 0 (x̄′ ̸∈ e)DE

[{x̄ :F}]P → [?F ]PDX

(F → [{x̄ :F}](P )′)→ ([?F ]P → [{x̄ :F}]P ) (x̄′ ̸∈ P )DI

[{x̄ :F}]P → ∀ȳ∀ȳ′[{x̄, ȳ :F ∧G}]P (ȳ, ȳ′ ̸∈ P, F )DR

[{x̄ :F}]G(h(x̄, x̄′))→AG

(∀ȳ∀ȳ′[{x̄, ȳ :F ∧G(ȳ)}]P → [{x̄ :F}]P ) (ȳ, ȳ′ ̸∈ P, F,G(·), h(·, ·))

[{x̄, ȳ :F ∧ ȳ′ = g(x̄, x̄′, ȳ)}] ∥ȳ∥2 ≤ h(x̄, x̄′)→BDG

([{x̄ :F}]P ↔ [{x̄, ȳ :F ∧ ȳ′ = g(x̄, x̄′, ȳ)}]P ) (ȳ, ȳ′ ̸∈ P, F, h(·, ·))

[{x̄ :F ∨G}](F ⇝x̄ G ∧G⇝x̄ F )→GS

((F ∨G→ [({x̄ :F} ∪ {x̄ :G})∗]P )→ [{x̄ :F ∨G}]P )

The axioms for DAPs in Theorem1 capture essential properties of their evo-
lution. The Differential Weakening (DW) axiom ensures that the formulas rep-
resenting differential-algebraic program remain valid throughout the system’s
execution. The Commutativity (C) axiom allows syntactic exchange of conjunc-
tive formulas. The Differential Effect (DE) axiom justifies that the differential
(e)′ = 0 of any algebraic equation e = 0 also holds when following e = 0 since
equations are closed under differentials. Thereby, the DE axiom also enforces
consistency between a variable x and its derivative x′, ensuring that x evolves in
accordance with the specified dynamics. The Differential Skip (DX) axiom guar-
antees the existence of a trivial solution with zero duration whenever a formula F
is initially satisfied, meaning the system may remain in place (see Remark 5). The
Differential Invariant (DI) axiom provides a key condition for proving properties
under the box modality. For instance, if x ≥ 0 initially and x′ ≥ 0 throughout,
then x ≥ 0 at all future times, allowing reasoning about system invariants. The
Differential Refinement (DR) axiom captures a simple principle: adding addi-
tional constraints only restricts the system’s behavior. The Algebraic Ghost (AG)
axiom generalizes differential cuts [25,22] from dL to encode observable system
behavior. This is particularly useful when applying the DE axiom to derivatives.
Since the side condition prevents DE from being directly applied to differential
variables, we can introduce a new dummy variable y = x′ to track the behav-
ior of x′, allowing the reasoning to proceed. The Bounded Differential Ghost
(BDG) axiom allows expressing new differential relationships between variables
as long as the new variable y has bounds expressible in terms of prior variables.
The Ghost Switching (GS) axiom allows modularly decomposing multi-mode
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differential-algebraic programs into a loop over a non-deterministic choice. This
decomposition exploits analyticity and is only sound if the mode consistency for-
mula is preserved along the evolution of the system. The key property, that the
GS axiom needs for soundness is that a real-analytic function can only switch
finitely many times in and out of a semi-algebraic set in bounded time. This is
captured in the following lemma:

Lemma 2. Let T ≥ 0 and ε > 0. Further, let φ ∈ Ax̄(−ε, T + ε) be a flow
and F be a semi-algebraic formula. Let (τk)k∈N ⊆ [0, T ] be a strictly monotone
sequence with φ(τk) ∈ JF K for all k ∈ N. Then, there exists a k0 ∈ N such that
φ(τ) ∈ JF K for all τ ≥ τk0 if the sequence is increasing and for all τ ≤ τk0 if the
sequence is decreasing.

The intuition behind this lemma is that if there exists a sequence of distinct
time points where the flow satisfies F , then eventually, the system must satisfy
F continuously from some point onward. Otherwise, the flow would have to
switch infinitely many times in and out of F , which is incompatible with the
regularity of real-analytic functions and semi-algebraic sets.

Remark 9. The formula [{x̄ :F}][{x̄ :F}]P ← [{x̄ :F}]P is not a valid axiom of
dAL, even though a corresponding axiom holds in dL. Consider, for instance:

{x, t : (x′ = t ∧ t ≤ 0 ∨ x′ = −t ∧ t ≥ 0) ∧ t′ = 1}.

This system exhibits a discontinuity in the second derivative of x at t = 0, which
prevents the existence of a real-analytic flow from t < 0 to t > 0, because real-
analytic functions are smooth. However, it is possible to construct two separate
flows—one for t ≤ 0 and one for t ≥ 0—that agree in both x and x′. This shows
a mode transition can occur via a composition of two flows, even though a single
real-analtyic flow may not exist.

Some derived axioms are quite useful in practice:

Theorem 2. The following are derived axioms of dAL:

∀x̄∀x̄′(F → G)→ ([{x̄ :G}]P → [{x̄ :F}]P )AR

[{x̄ :F}]G→ ([{x̄ :F ∧G}]P ↔ [{x̄ :F}]P )DC

[{x̄ :F ∧ e = 0}]P ↔ [{x̄ :F ∧ e = 0 ∧ (e)′ = 0}]P (x̄′ ̸∈ e)∧DE

The Algebraic Refinement (AR) axiom is for purely algebraic transformations.
If F implies G, then all ways of following F also satisfy P if all ways of following
the more general G do. For instance, AR allows rewriting [{x, y :x′ = 1 ∧ y′ =
x′}]P to [{x, y :x′ = 1 ∧ y′ = 1}]P . The Differential Cut (DC) axiom is one of
the standard differential axioms of dL [25], allowing a DAP to be equivalently
augmented with an invariant property G. It can be derived by AG and does
not introduce a new variable each time. The Conjunctive Differential Effect
(∧DE) axiom is useful to augment the system with its differential properties.
For examples, we can transform the system [{x : y′ = 2y ∧ x = y}]P to [{x : y′ =
2y ∧ x = 5y ∧ x′ = 5y′}]P , deriving the differential properties of x from its
algebraic relationship to y.
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Example 6. Based on the derived ∧DE axiom, one might be tempted to assume
the following equivalence holds:

[{x̄ :F ∨ e = 0}]P ↔ [{x̄ :F ∨ (e = 0 ∧ (e)′ = 0)}]P.

However, this equivalence in not valid in general. To see why, consider the fol-
lowing differential-algebraic systems:

α ≡ {x :x′ = 1} ≡ {x : (x′ = 1 ∧ x ̸= 0) ∨ (x′ = 1 ∧ x = 0)},
β ≡ {x : (x′ = 1 ∧ x ̸= 0) ∨ (x′ = 1 ∧ x = 0 ∧ x′ = 0)}.

In system α, x evolves according to x′ = 1, allowing continuous progression
from x < 0 to x > 0 without obstruction. In contrast, system β imposes an
additional constraint at x = 0, requiring x′ = 0 at that point. This restriction
causes the system to get stuck at the transition between modes, as x′ cannot
jump from x′ = 1 to x′ = 0. Consequently, the behavior of the DAPs α and β is
not equivalent.

3.2 Completeness

Prior work has shown that the natural number are definable using differential
equations [19]. As a consequence, Gödel’s incompleteness theorem applies to
dAL’s proof calculus. Nevertheless, there are completeness results for differential
invariants in dL [27]. Since our proof calculus builds on top of dL’s proof cal-
culus, it inherits these completeness results for systems which are reducible to
polynomial ordinary differential equations.

4 Applications

In this section, we demonstrate the usefulness of our proof calculus through two
examples. Both examples focus on the index reduction of DAPs. The differentia-
tion index of a differential-algebraic equation is the minimum number of times it
must be differentiated in order to uniquely determine the derivative of each state
variable in terms of the others [4, p. 179, Def. 4]. In the first example, we apply
the AR and DE axioms in a straightforward manner, successively differentiating
the algebraic constraints to obtain a reduced system. In the second example, a
state-dependent singularity in the differentiated constraint necessitates careful
case distinction using the GS axiom.

Example 7. We now address the Euclidean pendulum from the introduction,
showing how our dAL calculus can be used to eliminate the unknown multiplier
λ. Let x̄ = (x, y, v, w) denote the state variables, and define the differential-
algebraic constraint

D(λ) ≡ x′ = v ∧ v′ = λx ∧ y′ = w ∧ w′ = λy − g ∧ x2 + y2 = 1.
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Our goal is to simplify the dAL-formula [{x̄, λ :D(λ)}]P, which states that a post-
condition P holds after every evolution of the system. Since dAL only defines the
box modality, we use an arbitrary predicate P as a placeholder to reason about
system equivalence. For simplicity, we focus only on one part of the equivalence,
as the reverse is analogous. The derivations are presented as inference chains,
read bottom-up. In the following, we write R to denote proof steps justified by
real-arithmetic, and F for steps justified by first-order logical reasoning.

The multiplier λ appears explicitly in the constraint, but its time-derivative
is unspecified. To uncover its implicit dynamics, we differentiate the holonomic
constraint x2 + y2 = 1 twice, thereby obtaining an explicit expression for λ.

⊢ [{x̄, λ :D(λ) ∧ xv + yw = 0 ∧ λ = gy − (v2 + w2)}]P
R,AR

⊢ [{x̄, λ :D(λ) ∧ xv + yw = 0 ∧ x′v + xv′ + y′w + yw′ = 0}]P
∧DE ⊢ [{x̄, λ :D(λ) ∧ xv + yw = 0}]P
R,AR

⊢ [{x̄, λ :D(λ) ∧ 2xx′ + 2yy′ = 0}]P
∧DE ⊢ [{x̄, λ :D(λ)}]P

Finally, we use algebraic refinement and differential refinement to remove λ from
the formula with h(x, y, v, w) = gy − (v2 + w2):

⊢ [{x̄ :D(gy − (v2 + w2)) ∧ xv + yw = 0}]P
DR ⊢ ∀λ∀λ′[{x̄, λ :D(h(x, y, v, w)) ∧ xv + yw = 0 ∧ λ = h(x, y, v, w)}]P

F, AR
⊢ [{x̄, λ :D(λ) ∧ xv + yw = 0 ∧ λ = gy − (v2 + w2)}]P

The open goal contains the transformed system, in which the multiplier λ has
been eliminated. The result is a fully specified ODE, enabling the application of
completeness results for differential invariants [27].

Note that we did not need to use the GS axiom in the previous example, because
we were able to find a globally defined explicit expression for λ. We see that this
is not always the case in our next example:

Example 8. Consider the system:

{x, y :x′ = y ∧ x2 + y2 = 1}.

The variable x evolves depending on the value of y, and both variables are
constrained to a circle of radius one. Our goal is to derive an explicit expression
for y′. We start by differentiating the circle constraint using the ∧DE axiom and
do some equivalence transformations with the AR axiom:

⊢ [{x, y :x′ = y ∧ x2 + y2 = 1 ∧ (x+ y′)y = 0}]P
R, AR

⊢ [{x, y :x′ = y ∧ x2 + y2 = 1 ∧ xx′ + y′y = 0}]P
R,AR,∧DE

⊢ [{x, y :x′ = y ∧ x2 + y2 = 1}]P
Now, we observe that there are two cases for the constraint: x+ y′ = 0 or y = 0.
Next, we define

F (x, y) ≡ x′ = 0 ∧ x2 = 1 ∧ y = 0,

G(x, y) ≡ x′ = y ∧ x2 + y2 = 1 ∧ y′ = −x.
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Here, F (x, y) represents the special case where x is at its extrema (±1) and
remains constant, while G(x, y) describes the general evolution of the system
along the unit circle. We split the system into a disjunction of two modes using
the AR axiom:

⊢ [{x, y :F (x, y) ∨G(x, y)}]P
R, AR

⊢ [{x, y :x′ = y ∧ x2 + y2 = 1 ∧ (y′ = −x ∨ y = 0)}]P
R, AR

⊢ [{x, y :x′ = y ∧ x2 + y2 = 1 ∧ (x+ y′)y = 0}]P
Finally, applying the GS axiom we have:

⊢ [{{x, y :F (x, y) ∨G(x, y)}}](F (x, y)⇝x̄ G(x, y) ∧G(x, y)⇝x̄ F (x, y))

⊢ [({x, y :F (x, y)} ∪ {x, y :G(x, y)})∗]P
GS

⊢ [{x, y : (x′ = 0 ∧ x2 = 1 ∧ y = 0) ∨ (x′ = y ∧ x2 + y2 = 1 ∧ y′ = −x)}]P
The top goal closes by simplification of progress formulas and real arithmetic
(See [12]). The second goal contains a decomposed version of the original system,
formulated as a loop over a nondeterministic choice of two simplified systems.
This representation shows how singularities in the differentiated constraints give
rise to distinct modes of evolution. To further illustrate these dynamics, Fig. 3
provides a visualization of the system in phase space, showcasing its trajectory
and behavior over time.

x

y

Fig. 3. Phase portrait on the unit circle with two stationary modes.

Remark 10. The pattern observed in the previous example can be formulated in
a more general way: Given a semi-explicit system of the form

{x̄, ȳ : x̄′ = f(x̄, ȳ) ∧ g(x̄, ȳ) = 0},

we can transform it using the ∧DE axiom into the equivalent system:

{x̄, ȳ : x̄′ = f(x̄, ȳ) ∧ g(x̄, ȳ) = 0 ∧ ∂g

∂x
(x̄, ȳ)f(x̄) +

∂g

∂y
(x̄, ȳ)y′ = 0}.

This transformation introduces an implicit constraint on ȳ′, but solving for ȳ′

is only possible if ∂g
∂y (x̄, ȳ) is non-singular. When this condition fails, the system

encounters a singularity, highlighting the necessity of the GS axiom to distinguish
between different cases.
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5 Related Work

Differential dynamic logic dL has established the logical foundations for reason-
ing about hybrid systems [24,25]. However, dL does not support reasoning about
differential-algebraic equations, which are natural for modeling many physical
systems. To fill this gap, an extension of dL to differential-algebraic equation sys-
tems was proposed previously in a sequent calculus formulation [22]. However,
each rule of this formulation requires a special normalization of differential-
algebraic systems. In contrast, our calculus is given by a small set of axioms
and does not require such special transformation. Additionally, a challenge in
reasoning about differential-algebraic systems is understanding the conditions
under which systems can be correctly decomposed. For our calculus, we exploit
progress formulas, which have been used for reasoning about invariant proper-
ties of differential equations [27,11]. Contributions by Mattsson [18], Pantelides
[20], and Benveniste [1] have addressed the challenge of consistently initializ-
ing differential-algebraic systems, primarily in the context of simulation. Other
works, such as [5,6], focus on the minimization of polynomial ODE systems using
bisimulation techniques, also with a focus on simulation. These approaches rely
on model transformation techniques aimed at simulation and are not grounded
in rigorous logical reasoning principles. In contrast, dAL enables transformations
within an axiomatic proof calculus and goes beyond mere model simplifications
as it enables the specification and verification of dynamic properties such as
safety and liveness.

6 Conclusion

This paper introduced a sound axiomatic proof calculus for (differential-form)
differential-algebraic dynamic logic dAL, providing a firm logical foundation for
reasoning about differential-algebraic programs. This allows more flexible spec-
ification of continuous-time models, along with a framework for their rigorous
transformations to obtain logically equivalent forms. The Euclidean pendulum
example demonstrated how dAL supports the specification of systems with unde-
termined dynamics and their reduction to ordinary differential equations. Future
work will explore how the sound logical reductions of dAL support automatic
model transformation.
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