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Introduction

® Cyber-physical systems are not alone in their environment:

Trafc

» The safety of their interactions needs to be verified!
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With goals

To handle these situations: |
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Differential Game Logic d
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B Syntax

® Hybrid games

a,f i=x=e|lx'=f(x)&Q|?QlaVUf|af|a"|a®
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B Syntax

® Formulas

P,Q :=e=¢é|-P|PAQ|VxP|IxP|{(ax)(P,Q)]|[x](P,Q)
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Semi-Competitive Differential Game Logic (dGLs,) A\‘(IT

® Example: Drinking Game

0=0At=0—= {t' =1};{o' =1} (0o =3,t = 5)
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B ¢ aup(X,Y) = 6o (X,Y) Ugp(X, V)
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® Logic for reasoning about two-player hybrid games with adversarial players

»Goals of players are opposing

B Important property: determinacy  —(a)P < [a]—P

® Has sound and relative complete proof calculus
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Excursion: dGL

® Logic for reasoning about two-player hybrid games with adversarial players

»Goals of players are opposing
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B Important property: determinacy  —(a)P < [a]—P
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Semi-Competitive Differential Game Logic (dGLs,) A\‘(IT

® Properties
® Monotone
B If goals are complementary, players behave adversarially
® Reducible to dGL.:

X, Y) = (X NY)U(X) and 0o(X.Y) = coea(X NY)USL(Y)
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® Properties
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Remove all
dual games
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Win by cooperation
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® Properties
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® Properties
® Monotone
B If goals are complementary, players behave adversarially
® Reducible to dGL.:

(X, Y ) = ﬂ—d(}i NY )U|ca(X) | and 0,(X,Y ) =Gu-a(X NY)Uos(Y)

i

—

Remove all Win by competition

dual games _ : TR

(oo 9 or B Semi-competitive!
Win by cooperation

54/66 27.09.2025 Julia Butte, André Platzer KASTEL-VADS



Proof Calculus A\‘(IT

Karlsruhe Institute of Technology

55/66 27.09.2025 Julia Butte, André Platzer KASTEL-VADS



Proof Calculus

56/66 27.09.2025

(=) (2= e)(p(x),q(x)) & ple) A
() (@ = f@)(P,Q) & 3t>0(z := 2(1))(P, Q) (@' = f(2))
(7 (?R)(P.Q) < RAP
(L) {(aUBYP,Q) & (a)(P,Q)V (B)(P,Q)

() (@ B)(P,Q) () ((B)(P,Q), [BI(P,Q))

(@) (@®(P,Q) + [a)(Q, P)

() {(@)(P.Q) & PV (a;a”)(P.Q)

ep Pv{a)Ry — R (PAQ)V ({a)(Ra, R2) Aa](Ra, R2)) — Ra
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/ Axioms for Angel

(@)(P.Q) = Ri V Fa )
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Proof Calculus

Axioms for Demon \ |

~
—

) (p(),
(@) (P, Q) < 320 (x = 2(1))(P,Q) (2" = f(2))

) < (a)(P.Q) v (B)(P,Q)
< () ((B)P, Q). [BI(P,Q))

1 (PAQ)V ({a)(R2, R2) A [0](Ra, R2)) = Ra

(@*)(P,Q) = F1V Ry

J
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Proof Calculus
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() (@ =f(@)(P,Q) « 3t>0(x:=2(t))(P,Q) (2" = f(x))
() (PRY(P,Q) > RAP
(W) {(aUB)(P,Q) « (a)(P,Q) V (B)(P Q)
() (s BYP, Q) < () ((B)(P,Q), [BI(P
() {a)(P.Q) + M(Q:P)
() (@) (P,Q) « PV{xa™)(P,Q)
N AL (P AQ)V ({(a)(Ra, Ra) A [0](Ra, R2)) — Ra
\_ (") (P.Q) = R1V Ry )
f Y
=] o= e](p(x), q(x) < qle)
Axioms for Demon I = F@)(P.Q) & Y20 [m=a(t)|(P,Q)VIH20 (z:=2(1)) (PAQ.Q) (' = f(x))
T~ PR e -EvQ

[U] E@)(ﬁ](g))ﬁ?) < ([a](P,Q)A[BI(P.Q)) V ([a](P,Q) Ala)(P.Q)) v ([BI(P.Q) A
G [ BI(P, Q) < [o]((B)(P,Q), [B(P,Q))
L[*] [@*](P.Q) < (PAQ)V ({a:a™)(P,Q) Ao a™|(P,Q)) V (Q A [a; a”]Q) )

Pl — PQ Ql — QQ

i_c)}: P1Q1 — () (2, Q2)
M) ALY
)(P1 Ql) (@) (P2, Q2)

AT
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/ Axioms for Angel

_— Monotonicity
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P r O Of Cal C u I u S Karlsruhe Institute of Technology
(=) (2= e)(p(x),q(x)) & ple) A
) (@ =f2)(P.Q) + =0 (z = 2(t))(P.Q) (2" = f(x))
(1) (RY(P,Q) <> RAP :
) {@UBP.Q) & ()(P.Q)V (AP, Q) - Axioms for Angel
() (s BY(P.Q) « () ((B)(P.Q). [BI(P.Q)
() {a®)(P.Q) [a}(Q,P)
() (@) (P.Q) + PV {(a;a™)(P.Q)
op PY(@R = R (PAQ)V ((a)(Ra, Ra) A [0](Ra, Ra)) — Ry
L (@*)(P,Q) = R1 V Ry p
f Y
=] [ = el(p(2), q(x)) < qle)
Axioms for Demon [ 2 = f(@)](P,Q) ¢ ¥t>0 [z:=2(t)](P,Q)VI>0 (z:=2(t)) (PAQ, Q) (2’ = f(x))
T~ PR e -EvQ
[U] Ea)(ﬁ](QP))Q) & ([(P.Q) A BI(P.Q) V ([a)(P.Q) A () (P.Q)) V ([B(P.Q) A
[ [ Al(P.Q) ¢ [a]((BY(P.Q). [Bl(P.Q))
] [01(P.Q) & (PAQ)V ((a:0")(P.Q) Alo:a’|(P.Q)) V (Q A [as0%]Q) )
P— Py Ql — Q2 . .
i?" (P00 = o) (P Q) ___— Monotonicity
Determinacy Mz () )(Pl o (P, 03)
det  ={a)P + [o]=-P
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P r O Of Cal C u I u S Karlsruhe Institute of Technology
(=) (2= e)(p(x),q(x)) & ple) A
) (@ =f2)(P.Q) + =0 (z = 2(t))(P.Q) (2" = f(x))
(7 (?R)(P,Q) <> RAP .
) {@UBP.Q) & ()(P.Q)V (AP, Q) - Axioms for Angel
() {a; B)(P,Q) « () ((BYP, Q). [Bl(P.Q)
() {a®)(P.Q) [a}(Q,P)
() AN P.Q) & PV (;a™)(P.Q)
ep Pv{a)Ry — R (P/\Q)V((Q)(RQ,RQ)/\[C}:](RQ..RQ))—5' Ry
L (@*)(P,Q) = R1 V Ry )
=] [z = el(p(z), a() © qle) )
Axioms for Demon [ [ = f(@)](P,Q) ¢ ¥t>0 [z:=a(1)|(P, Q)VI>0 (x:=x(t))(PAQ, Q) (2’ = f(x))
T~ PR e -EvQ
[U] Ef})tfg}(QP))Q) & ([al(P.Q) A BI(P.Q) V ([al(P.Q) A ) (P.Q)) v (IBI(P,Q) A
[ [ AP, Q)+ [a]((B) (P, Q), [B](P,Q))
] [01(P.Q) & (PAQ)V ((a:0")(P.Q) Alo:a’|(P.Q)) V (Q A [as0%]Q) )
P— Py Ql — Q2 . .
F (7,20 Q,ASQ @) __— Monotonicity
Determinacy Mz () )(Pl o (P, 03)
det  ={a)P + [o]=-P

+ all FOL rules
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(U) (aUB)(P,Q) «(x)(P,Q)V(B)P,Q)

caup(X,Y) = ¢o(X,Y) Ugp(X,Y)
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(UY (@ UBYP,Q) «(a)P,Q)V (B)P,Q)

Saup (X, Y) =6 (X, V)|U ¢p(X,Y)
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Example A\‘(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

(U) (@ UBYP,Q) < (a)(P,Q) V{B)(P, Q)

caup (X, V) = 6, (X,Y) Ugg(X, V)
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Example A\‘(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

(U) (aUB)(P,Q) «(x)(P,Q)V(B)P,Q)

caup(X,Y) = ¢o(X,Y) Ugp(X,Y)
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Proof Calculus ﬂ(IT

Karlsruhe Institute of Technology

® Properties

® Sound

® Relatively complete

® Proof by reduction to dGL vialadmissible]axioms:

Complementarization aziom 1: {a)(P.Q) < (a )P A Q) V {(a)P

Complementarization aziom 2: [a](P,Q) + (o= (P A Q) V [a]Q
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AT

Su I I l I I I ary Karlsruhe Institute of Technology

BdGL,. Is alogic for two players, each with an individual goal

® Who behave semi-competitively, i.e. players cooperate where possible and
compete where necessary

B Developed syntax and semantics
® Sound and relatively complete proof calculus

» Incorporating goals for all players enables more safety proofs
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Semi-Competitive Differential Game Logic (dGLs,) ﬂ(IT

® oK Y) ={p(0) €S[p() €X R 5o r0aoXY) ={p(0) € S|p(r) €Y forallr

for some r with = x' = f(x) A Q} with ¢ Ex" = f(x) A Q}
U {p(0) € S|p(0) € XNY for somer

with g E x" = f(x) A Q}
Cxr=f(x) (X» Y)

_ Ox'=f(x)(X,Y)

>
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Semi-Competitive Differential Game Logic (dGLs,) ﬂ(IT

® G rnaeXY) ={p(0) €S| o(r) €X ® o r0aeXY) =[{<p(0) € S|lp(r) €Y forall r]
for somer withg Ex' = f(x) AQ} withp E x" = f(x) AQ}
U{p(0) € S|p(0) € XNY for somer
withp E x" = f(x) A Q}

Cxr=f(x) (X» Y)

__ O’ =fx) (X, Y)

I
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Semi-Competitive Differential Game Logic (dGLs,) ﬂ(IT

® oK Y) ={p(0) €S[p() €X R 5o r0aoXY) ={p(0) € S|p(r) €Y forallr

for some r with = x' = f(x) A Q} with ¢ E x' = f(x) A Q}
Uf(p(O) € S|p(0) € X NY for some r]

with g E x" = f(x) A Q}

Cxr=f(x) (X» Y)

_
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Semi-Competitive Differential Game Logic (dGLs,) S(IT

" e (X,Y) ={w e S|t e v "5, (XY) ={we sy ey}
Opme(X,Y
e (X, Y) wme(d, 1)
@ >
Replace value Replace value
of x by e of x by e
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Semi-Competitive Differential Game Logic (dGLg,) S(IT
B Y)=[0InX ® 5, V) =[QI¢vuY
C?Q (X' Y)

Oy (X,Y)

7

' |
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Semi-Competitive Differential Game Logic (dGLg,) ﬂ(IT
® cap(XY) = 6 (650 V), 85X, ) B Sap(X,Y) =8, (6501, 85X, 1))

Ca;B (X' Y) 6a;,8(Xr Y)

5 (55X, ), 85X, 1))
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Semi-Competitive Differential Game Logic (dGLg,) ﬂ(IT

® ¢ a(X, V) =6,(Y,X) B §,aX,Y) =g (Y, X)

Gpd (X,Y) §,a(X,Y)

0, (Y, X) ‘
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Example ‘(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

aFP PV{(a)R, - Ry (PAQ)V ({a)(Ry, Ry) Aal(Ry, R2)) = R,
(a*)(P,Q) » Ry VR,

o (X,Y) = ﬂ{Z CS|1XV¢,(Z,2°) < Z}

U ﬂ{z cS|1XnY)U(s.(Z,2)N6,(Z,2)) € Z}
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Example ﬂ(IT

Karlsruhe Institute of Technology

mFP [PV(®R, > R (PAQ)V ({@)(Ry Ry) Alal(Ry Ry)) = Ry
(a*)(P,Q) > R{ VR,

7

ot [z 51X U229 < 2]

U ﬂ{z cS|1XnY)U(s.(Z,2)N6,(Z,2)) € Z}
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Example ﬂ(IT

aFP PV{(a)R, - Ry :(P AQ)V ((a)(Ry, Ry) Ala](R,, R;)) = R,
(a*)(P,Q) » Ry VR,

o (X,Y) = ﬂ{Z S S|XUg(z,2%) € Z}

[u ﬂ{z CS|XNY)U(ca(Z,2)N6,(Z,7)) S Z}]
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Example ‘(IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

aFP PV{(a)R, - Ry (PAQ)V ({a)(Ry, Ry) Aal(Ry, R2)) = R,
(a*)(P,Q) » Ry VR,

o (X,Y) = ﬂ{Z CS|1XV¢,(Z,2°) < Z}

U ﬂ{z cS|1XnY)U(s.(Z,2)N6,(Z,2)) € Z}
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AT

EX al I l p I e Karlsruhe Institute of Technology

*

0=0,t=0F t+5=5AN0+3=3
0=0,t=0 F VYs>0fo:=0+s](t+5=>5,0=3)
Vds>0(o =0+ s)(t+5=5A0=3,0=3)
0=0t=0F [2'=1](t+5=5,0=23)
0=0,t=0 F Fs>0(t:=t+s)([z' =1](t

0=0,t=0F (y =1)([2' =1](t =5,0=3).

0=0,t=0F {t'=1};{d =1}*)(0=3,t =5)
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Example

Formula
breakdown \

79/66 27.09.2025

AT

Karlsruhe Institute of Technology

R : *
0=01{=0F t+5=5AN0+3=23

0=0,t=0 F VYs>0fo:=0+s](t+5=>5,0=3)

Vds>0(o =0+ s)(t+5=5AN0=3,0=3)
(EIR {_H 0=0,t=0F [ =1)(t+5=5,0=3) A

" 0=0,t=0 F Is>0{t :=t+s)([z' =1](t =5,0=3),

! (' =1)(t =5,0=3))

% 0=0,t=0F (y =1)([2' =1](t =5,0=3),
0 (4, 4] — | - , _ ‘{:1:!:1}(_1‘,:5*_0:3})
L 0=0,t=0F ({t!f =1}:{o =1}*)0o=3,t=5) )

Julia Butte, André Platzer

KASTEL-VADS



Example ﬂ(IT

Karlsruhe Institute of Technology

R : *
»=0.t=0F t+5=5A 3=23
VR, wR, {::}.. R 7 ' 0 A

0=0,t=0F Vs>0[o:=o0+s|/(t+5=5,0=3)
Case distinction vIs>0(o =0+ s)(t+5=5A0=3,0=3)

t
H 0=0,t=0F [ =1](t+5="50=3)
0=0,t=0F Js>0(t ==t + s)([z' = 1](¢

T

0=0,t=0F {t'=1};{d =1}*)(0=3,t =5)
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