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To handle these situations:

• Semi-Competitive

Differential Game Logic

(𝑑𝐺𝐿𝑠𝑐)
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cooperate

where it is

helpful
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where it is

necessary

Players will 

not lose on 

purpose
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can win, they 
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other player 

win too

Greatest-

most 

cooperation
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Ensures

monotonicity
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𝛿𝛼
∞(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝛿𝛼(𝑌
𝐶 , 𝑌) 𝛿𝛼

2(𝑌𝐶 , 𝑌) 𝛿𝛼
∞ 𝑌𝐶 , 𝑌 …𝑌
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𝜍𝛼∗ 𝑋, 𝑌 = ځ 𝑍 ⊆ 𝒮 𝑋 ∪ 𝜍𝛼 𝑍, 𝑍𝐶 ⊆ 𝑍} ∪
ځ 𝑍 ⊆ 𝒮 𝑋 ∩ 𝑌 ∪ 𝜍𝛼 𝑍, 𝑍 ∩ 𝛿𝛼 𝑍, 𝑍 ⊆ 𝑍}

𝛿𝛼∗ 𝑋, 𝑌 = ڂ 𝑍 ⊆ 𝒮 𝑍 ⊆ 𝑌 ∩ 𝛿𝛼(𝑍
𝐶 , 𝑍)} ∪

ځ 𝑍 ⊆ 𝒮 𝑋 ∩ 𝑌 ∪ 𝜍𝛼 𝑍, 𝑍 ∩ 𝛿𝛼 𝑍, 𝑍 ⊆ 𝑍}

27.09.2025

Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝑋𝜍𝛼(𝑋, 𝑌)𝜍𝛼
2(𝑋, 𝑋𝐶)𝜍𝛼

∞ 𝑋, 𝑋𝐶 …

𝑌

𝜍𝛼 𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌 ∩
𝛿𝛼(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝜍𝛼
2 𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌 ∩
𝛿𝛼
2(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝜍𝛼
∞ 𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌 ∩
𝛿𝛼
∞(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝛿𝛼(𝑌
𝐶 , 𝑌) 𝛿𝛼

2(𝑌𝐶 , 𝑌) 𝛿𝛼
∞ 𝑌𝐶 , 𝑌 …𝑌

𝜍𝛼 𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌 ∩
𝛿𝛼(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝜍𝛼
2 𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌 ∩
𝛿𝛼
2(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝜍𝛼
∞ 𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌 ∩
𝛿𝛼
∞(𝑋 ∩ 𝑌, 𝑋 ∩ 𝑌)

𝑋
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Logic for reasoning about two-player hybrid games with adversarial players

Goals of players are opposing

Important property: determinacy ¬ 𝛼 𝑃 ↔ 𝛼 ¬𝑃

Has sound and relative complete proof calculus

27.09.2025

Excursion: dGL

𝛼 (𝑃, 𝑃𝐶) 𝛼 𝑃 𝛼 (𝑄𝐶 , 𝑄) 𝛼 𝑄
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Properties

Monotone

If goals are complementary, players behave adversarially

Reducible to dGL:

27.09.2025

Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

Remove all 

dual games

from 𝛼
Win by cooperation

Win by competition

Semi-competitive!or
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Proof Calculus

Axioms for Angel

Axioms for Demon

Monotonicity

Determinacy

+ all FOL rules
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Example

∪ 𝛼 ∪ 𝛽 𝑃, 𝑄 ↔ 𝛼 (𝑃, 𝑄) ∨ 𝛽 (𝑃, 𝑄)

𝜍𝛼∪𝛽 𝑋, 𝑌 = 𝜍𝛼 𝑋, 𝑌 ∪ 𝜍𝛽(𝑋, 𝑌)
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∪ 𝛼 ∪ 𝛽 𝑃, 𝑄 ↔ 𝛼 (𝑃, 𝑄) ∨ 𝛽 (𝑃, 𝑄)
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Properties

Sound

Relatively complete

Proof by reduction to dGL via admissible axioms:

27.09.2025

Proof Calculus
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𝑑𝐺𝐿𝑠𝑐 is a logic for two players, each with an individual goal

Who behave semi-competitively, i.e. players cooperate where possible and 

compete where necessary

Developed syntax and semantics

Sound and relatively complete proof calculus

→ Incorporating goals for all players enables more safety proofs

27.09.2025

Summary
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Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝑋

𝜍𝑥′=𝑓(𝑥)(𝑋, 𝑌)

𝑥′ = 𝑓(𝑥)

𝛿𝑥′=𝑓(𝑥)(𝑋, 𝑌)

𝑌

𝛿 𝑥′=𝑓 𝑥 &𝑄 𝑋, 𝑌 = 𝜑 0 ∈ 𝒮 𝜑 𝑟 ∈ 𝑌 for all 𝑟

with 𝜑 ⊨ 𝑥′ = 𝑓 𝑥 ∧ 𝑄}
∪ {𝜑(0) ∈ 𝒮|𝜑 0 ∈ 𝑋 ∩ 𝑌 for some 𝑟

with 𝜑 ⊨ 𝑥′ = 𝑓(𝑥) ∧ 𝑄}

𝜍𝑥′=𝑓 𝑥 &𝑄 𝑋, 𝑌 = 𝜑 0 ∈ 𝒮 𝜑 𝑟 ∈ 𝑋

for some 𝑟 with 𝜑 ⊨ 𝑥′ = 𝑓(𝑥) ∧ 𝑄}

𝑥′ = 𝑓(𝑥)

𝑋

𝑥′ = 𝑓(𝑥)
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Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝑋

𝜍𝑥′=𝑓(𝑥)(𝑋, 𝑌)

𝑥′ = 𝑓(𝑥)

𝛿𝑥′=𝑓(𝑥)(𝑋, 𝑌)

𝑌

𝛿 𝑥′=𝑓 𝑥 &𝑄 𝑋, 𝑌 = 𝜑 0 ∈ 𝒮 𝜑 𝑟 ∈ 𝑌 for all 𝑟

with 𝜑 ⊨ 𝑥′ = 𝑓 𝑥 ∧ 𝑄}
∪ {𝜑(0) ∈ 𝒮|𝜑 0 ∈ 𝑋 ∩ 𝑌 for some 𝑟

with 𝜑 ⊨ 𝑥′ = 𝑓(𝑥) ∧ 𝑄}

𝜍𝑥′=𝑓 𝑥 &𝑄 𝑋, 𝑌 = 𝜑 0 ∈ 𝒮 𝜑 𝑟 ∈ 𝑋

for some 𝑟 with 𝜑 ⊨ 𝑥′ = 𝑓(𝑥) ∧ 𝑄}

𝑥′ = 𝑓(𝑥)

𝑋

𝑥′ = 𝑓(𝑥)
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Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝑋

𝜍𝑥′=𝑓(𝑥)(𝑋, 𝑌)

𝑥′ = 𝑓(𝑥)

𝛿𝑥′=𝑓(𝑥)(𝑋, 𝑌)

𝑌

𝛿 𝑥′=𝑓 𝑥 &𝑄 𝑋, 𝑌 = 𝜑 0 ∈ 𝒮 𝜑 𝑟 ∈ 𝑌 for all 𝑟

with 𝜑 ⊨ 𝑥′ = 𝑓 𝑥 ∧ 𝑄}
∪ {𝜑(0) ∈ 𝒮|𝜑 0 ∈ 𝑋 ∩ 𝑌 for some 𝑟

with 𝜑 ⊨ 𝑥′ = 𝑓(𝑥) ∧ 𝑄}

𝜍𝑥′=𝑓 𝑥 &𝑄 𝑋, 𝑌 = 𝜑 0 ∈ 𝒮 𝜑 𝑟 ∈ 𝑋

for some 𝑟 with 𝜑 ⊨ 𝑥′ = 𝑓(𝑥) ∧ 𝑄}

𝑥′ = 𝑓(𝑥)

𝑋

𝑥′ = 𝑓(𝑥)
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𝜍𝑥≔𝑒 𝑋, 𝑌 = 𝜔 ∈ 𝒮 𝜔𝑥
𝜔 𝑒 ∈ 𝑌 𝛿 𝑥≔𝑒 𝑋, 𝑌 = 𝜔 ∈ 𝒮 𝜔𝑥

𝜔 𝑒 ∈ 𝑌

27.09.2025

Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝑋

𝜍𝑥≔𝑒(𝑋, 𝑌)

Replace value 

of 𝑥 by 𝑒

𝑌

𝛿𝑥≔𝑒(𝑋, 𝑌)

Replace value 

of 𝑥 by 𝑒
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𝜍 ?𝑄 𝑋, 𝑌 = 𝑄 ∩ 𝑋 𝛿 ?𝑄 𝑋, 𝑌 = 𝑄 𝐶 ∪ 𝑌

27.09.2025

Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝜍?𝑄(𝑋, 𝑌)

𝑋𝑄 𝑌

𝛿?𝑄(𝑋, 𝑌)

𝑄 C
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𝜍 𝛼;𝛽 𝑋, 𝑌 = 𝜍𝛼 𝜍𝛽 𝑋, 𝑌 , 𝛿𝛽 𝑋, 𝑌 𝛿𝛼;𝛽 𝑋, 𝑌 = 𝛿𝛼 𝜍𝛽 𝑋, 𝑌 , 𝛿𝛽 𝑋, 𝑌
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Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝜍𝛼;𝛽(𝑋, 𝑌)

𝜍𝛼 𝜍𝛽 𝑋, 𝑌 , 𝛿𝛽 𝑋, 𝑌

𝜍𝛽(𝑋, 𝑌) 𝑋

𝛿𝛼;𝛽(𝑋, 𝑌)

𝛿𝛼 𝜍𝛽 𝑋, 𝑌 , 𝛿𝛽 𝑋, 𝑌

𝛿𝛽(𝑋, 𝑌) 𝑌



73/66 KASTEL-VADSJulia Butte, André Platzer

𝜍 𝛼𝑑 𝑋, 𝑌 = 𝛿𝛼(𝑌, 𝑋) 𝛿 𝛼𝑑 𝑋, 𝑌 = 𝜍𝛼(𝑌, 𝑋)
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Semi-Competitive Differential Game Logic (𝑑𝐺𝐿𝑠𝑐)

𝜍𝛼𝑑 (𝑋, 𝑌)

𝛿𝛼(𝑌, 𝑋) 𝑋

𝛿𝛼𝑑(𝑋, 𝑌)

𝜍𝛼(𝑌, 𝑋) 𝑌
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FP
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Example

𝑃 ∨ 𝛼 𝑅1 → 𝑅1 (𝑃 ∧ 𝑄) ∨ ( 𝛼 𝑅2, 𝑅2 ∧ 𝛼 𝑅2, 𝑅2 ) → 𝑅2
𝛼∗ (𝑃, 𝑄) → 𝑅1 ∨ 𝑅2

𝜍𝛼∗ 𝑋, 𝑌 =ሩ 𝑍 ⊆ 𝒮 𝑋 ∪ 𝜍𝛼 𝑍, 𝑍𝐶 ⊆ 𝑍}

∪ሩ 𝑍 ⊆ 𝒮 𝑋 ∩ 𝑌 ∪ 𝜍𝛼 𝑍, 𝑍 ∩ 𝛿𝛼 𝑍, 𝑍 ⊆ 𝑍}
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Example

Formula 

breakdown
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Example

Case distinction


