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Context: Hybrid Systems Model

Init
—

[
(

Sensing: read data from sensors
Control: actuate

Plant: evolve 4« 4« €« € «

)*

Safety

Evolution
e Continuous time
e Ordinary Differential Equations (ODE)
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Introduction

Algebraic Invariant Equations

X1

The solution for xg = (1,0) respects
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Introduction

Problem |. Checking the invariance of Algebraic Equations

Given x = p, and x¢ such that h(xq) = 0, is h(x(t)) =0 for all ¢ ?
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Outline
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Checking

Checking Invariance of Candidates

Already existing proof rules

I. Checking the invariance of Algebraic Equations
Given x = p, and xg such that h(xq) = 0, is h(x(t)) =0 for all ¢ ? J

D(h) =0
(h=0) =[x =p](h=0)
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Checking

Checking Invariance of Candidates

Example
I. Checking the invariance of Algebraic Equations
Given x = p, and x¢ such that h(xq) = 0, is h(x(t)) =0 for all t ? J

o (X1,%) = (x2,x1)
e h= X12 +X22
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Given x = p, and x¢ such that h(xq) = 0, is h(x(t)) =0 for all t ? J

(x1,%2) = (x2,x1)

h= X12 + X22

D(h) = 2aD(x1) + 2xD(x2) = 4x1x2 (Chain Rule)
DB (h) = 4(x2 + 3)
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D@)(h) = 4h
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Checking

Checking Invariance of Candidates

Differential Radical Invariants [paper, Theorem 2]

D(h) = A () € R[x])
(h=0) =[x =p](h=0)
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Checking

Checking Invariance of Candidates

Differential Radical Invariants [paper, Theorem 2]

DN(h) = SN EADO(R) (A e R[x]) A h=0—= ANT*DO(h) =0

(h=0) = [x=pl(h=0)

e order N is finite

e Necessary and sufficient condition
e Decidable

o Existence of \;: Grobner Basis
o h=0— D0(h) = 0: Quantifier Elimination
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Checking

Checking Invariance of Candidates

Differential Radical Characterization [paper, Theorem 1]

DM (h) = SV EADO(h) (A e R[x]) A h=0—= AMNT*DO(h) =0
(h=0) = [x = p](h=0)

Algebraic Framework

O(xo) 1(O(x0)) V(1(O(x0))) O(xo)
Reachable — Vanishing — Closure 2 Reachable
Set Ideal smallest variety Set

Vanishing lIdeal /(O(xg)) all polynomials that vanish on O(xo)
Closure V(/(O(xg))) common roots of all polynomials in /(O(xo))

v

Khalil Ghorbal, André Platzer (CMU) Differential Radical Invariants TACAS 2014 10 / 21



Outline

© Generation

Khalil Ghorbal, André Platzer (CMU) Differential Radical Invariants TACAS 2014 10 / 21



Generation

Generation of Invariant Algebraic Sets

Necessary and sufficient condition [paper, Theorem 3]

Il. Generate Algebraic Invariant Equations

Given x = p, how to generate h such that h(x(t)) =0 7?

Theorem
S € R7 is an invariant algebraic set if and only if

S = Set of roots of the system

for some polynomial h with order N, that is

N—-1
M (h) =" X200 (h)
i=0
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Generation

Generation of Invariant Algebraic Sets

First integrals vs. Local invariant regions [paper, Theorem 4]

Suppose we found h and N such that

oM (h Z)\@()

Case 1: First Integral
For all xo € R”, h(xp) =0 A --- ADN=D(h)(x) = 0

Case 2: Local Invariant Regions (e.g. limiting cycle, equilibria)

Restrict xo such that h(xg) = 0 A --- ADN="1(h)(xe) =0
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But ...

How to generate h and N such that

N—1
M) =" 320 (h)
i=0
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Generation

Matrix Representation: Intuition

‘Suppose we have a 2-dimensional ODE (x1, x2) = (xl,xz)‘
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@ Start with parametric h of degree 1: h = a1x1 + asxe + a3
@ Start with N =1
@ Find 8 € R such that: ©(h) = Sh

D(h) = a1x1 + aoxa = flarxy + aoxe + a3)
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Generation

Matrix Representation: Intuition

‘Suppose we have a 2-dimensional ODE (x1, x2) = (xl,xz)‘

@ Start with parametric h of degree 1: h = a1x1 + asxe + a3
@ Start with N =1
@ Find 8 € R such that: ©(h) = Sh

D(h) = a1x1 + aoxa = flarxy + aoxe + a3)

(—1+B)a1 =0 —1+B 0 0 (03]
(—14—5)0[2 =0 « 0 -14+45 0 ar | =0
(ﬂ)()@ =0 0 0 5 a3

Study the null space (kernel) of M(3)

Khalil Ghorbal, André Platzer (CMU) Differential Radical Invariants TACAS 2014 16 / 21



Symbolic Linear Algebra

h=oaix1 + axxe + a3

(—1—|—ﬁ)0¢1 =0 —].-i—B 0 0 a1
(-1+pB)ax =0 « 0 -14+8 0 ar | =0
(B)as =0 0 0  B) \as

Study the null space (kernel) of M(3)

e Max dim of ker of M(3) ~» more freedom for o = (a1, vp, v3)
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Study the null space (kernel) of M(3)

e Max dim of ker of M(3) ~~ more freedom for o« = (a1, a2, 03)

e Increases the chances of finding first integrals
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Symbolic Linear Algebra

h=oaix1 + axxe + a3

(—1—|—6)0¢1 =0 —].-i—ﬁ 0 0 a1
(-1+pB)ax =0 « 0 -14+8 0 ar | =0
(8)as ~0 0 o 58) \as

Study the null space (kernel) of M(3)

e Max dim of ker of M(3) ~~ more freedom for o« = (a1, a2, 03)
e Increases the chances of finding first integrals
e Dually, minimize the rank of M([3)
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Symbolic Linear Algebra
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Study the null space (kernel) of M(3)

e Max dim of ker of M(3) ~» more freedom for o = (a1, vp, v3)
e Increases the chances of finding first integrals
e Dually, minimize the rank of M(3) ~~ NP-hard [Buss et al. 1999]

h=x(0)x1 — x1(0)x2
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Generation

Toward a Generation Procedure ?

We started with a parametrized polynomial h of degree 1and N =1 ...

If no invariants:
e Increase order N versus increase the polynomial degree of h ?

e Any bound on N 7

e Any bound on the degree of h ?
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Case Study: Longitudinal Dynamics of an Airplane

6th Order Longitudinal Equations

X

u=——gsin(f) — gw u : axial velocity
m

4 . .

w = — + g cos(f) + qu w : vertical velocity
m

x = cos(0)u + sin(0)w X @ range

= —sin(f)u + cos(0)w z : altitude

M .

qg=— g : pitch rate
lyy

0=gq 0 : pitch angle
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Generation

Case Study: Generated Invariants

Automatically Generated Invariant Functions

Mz .\ g0+ <X . qW) cos(0) + <i 1 qu) sin(6)

Iyy
M Z X
,  2Mf
Iyy
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Conclusion

Conclusion

Checking
e Invariance of Algebraic Sets is Decidable

e DRI Necessary and Sufficient Proof Rule
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Conclusion

Conclusion

Checking
e Invariance of Algebraic Sets is Decidable

e DRI Necessary and Sufficient Proof Rule

Generation
e Generation Problem ~ Symbolic Linear Algebra

e Equivalent to the Min Rank Problem: NP-hard

e Higher-order Derivatives are crucial

e |Real Algebraic Geometry = Logic = Verification
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