


Heterogeneous Systems

Many (Software) Systems are inherently heterogeneous

Classical + Quantum Software Klamroth et al. 2023

Software + CPS (our case study)
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Heterogeneous Systems

Many (Software) Systems are inherently heterogeneous

Software + CPS (our case study)

Classical + Quantum Software Klamroth et al. 2023
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Veritying heterogeneous systems benefits from combining verification techniques
= O (N?) custom solutions?
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Heterogeneous Systems

Many (Software) Systems are inherently heterogeneous

Software + CPS (our case study)

Classical + Quantum Software Klamroth et al. 2023
& p<s @ (( ) measure X |¢>

=2

/ / =
p=v,vV=a =’

Neural Network + CPS NeurlPS’24

o
O——0 -

Veritying heterogeneous systems benefits from combining verification techniques
= O (N?) custom solutions?

How do we do this in a rigorous manner for program logics?

Motivation
" Yo)
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What is Dynamic Logic?

g1) o

Modal logic with programs as modalities:

/)

M g2 )
[a] ¥ all runs of « satisfy ¢
03) ¥
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Motivation
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What is Dynamic Logic?

Modal logic with programs as modalities:

[a] ¥ all runs of « satisfy ¢
() = —[a] =1 some run of « satisfies v

Motivation
oe
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What is Dynamic Logic?

Modal logic with programs as modalities:

[a] ¥ all runs of « satisfy ¢

() = —[a] =1 some run of « satisfies v

Hoare logic is a special case

{0} a{v} = ¢ = [o]¥

Motivation
oe
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What is Dynamic Logic?

Modal logic with programs as modalities:

[a] ¥ all runs of « satisfy ¢

() = —[a] =1 some run of « satisfies v

Hoare logic is a special case

{0} a{v} = ¢ = [o]¥

Qv Gy e G Y

Motivation
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Contribution

Heterogeneous Dynamic Logic

Contribution
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Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)
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Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)

Extend theory with features and calculus

Contribution
°
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Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)

Extend theory with features and calculus

- Reasoning across theories

Contribution
°
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Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)

Extend theory with features and calculus

BYOP

Reasoning across theories

Contribution
°
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Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)

Extend theory with features and calculus
Reasoning across theories

BYOP (Bring Your Own Proof)

Proof for System 1 Proof for System 2
¢1 = [p1] ¥ P2 = [P2] Y2

Contribution
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Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)

Extend theory with features and calculus

Reasoning across theories

BYOP (Bring Your Own Proof) m Calculus formalized in Isabelle/HOL
Proof for System 1 Proof for System 2

o1 F [p1] 4 P2 F [p2] 1o

Contribution
°

4/22 19.06.2026 Heterogeneous Dynamic Logic ﬂ(IT



Contribution

Heterogeneous Dynamic Logic
Frame individual dynamic logics as dynamic theories (l)

Extend theory with features and calculus

BYOP (Bring Your Own Proof) m Calculus formalized in Isabelle/HOL
m Relative Completeness of Calculi

Reasoning across theories

Proof for System 1 Proof for System 2
¢1 = [p1] ¥ ¢2 = [p2] ¥

Contribution
°
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What is a Dynamic Theory?

Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
00 o) @000000 00 000000 o) o) o)
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Core ldea: Abstracting Away Programs and Atoms

y>0Ax>0—] (xi=x+1)" ](x>0 A y>0)

What is a Dynamic Theory?
O®@00000
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Core ldea: Abstracting Away Programs and Atoms

H B Ol

What is a Dynamic Theory?
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Core ldea: Abstracting Away Programs and Atoms

"IN EN Bl N !

What is a Dynamic Theory?
O®@00000
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Core ldea: Abstracting Away Programs and Atoms

Vx a A a —| p 1( by A by )

Definition (Dynamic Signature)

A dynamic signature \ = (Ay, Aa, Ap) is determined by:
Variables Ay Atoms Ay Programs Ap

{x} {a1, @z, by, b2} {p}

What is a Dynamic Theory?
O®@00000
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Core ldea: Abstracting Away Programs and Atoms

Vx a A a —| p 1( by A by )

Definition (Dynamic Signature)

A dynamic signature \ = (Ay, Aa, Ap) is determined by:
Variables Ay Atoms Ay Programs Ap

{x} {a1, @z, by, b2} {p}

Definition (Syntax of Formulas)

With p € Ap, @€ Na, v € Ay
F.G = a|-~-F| FANG|VYvF | |[p] F

What is a Dynamic Theory?
O®@00000
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Semantics: Domains of Computation D

m Universe U
m State Space S
m Variable Evaluation V : S x Ay — U

What is a Dynamic Theory?
00@0000
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Semantics: Domains of Computation D

m Universe U

m State Space S w ] B e O

-

m Variable Evaluation V : S x Ay — U ‘AR
Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
00 O 00@0000 00 000000 O O O
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Semantics: Domains of Computation D

m Universe U
m State Space S
m Variable Evaluation V : S x Ay — U

Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Semantics: Domains of Computation D

m Universe U

m State Space S W [vo |
m Variable Evaluation V: S x Ay — U M
0) Vio E S
Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Semantics: Domains of Computation D

m Universe U
m State Space S
m Variable Evaluation V : S x Ay — U

For every atom a € Ax:
m Atom Evaluation A(a) C S

m Free Variables FV4(a) C Ay

Q = &

What is a Dynamic Theory?
00@0000
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Semantics: Domains of Computation D

m Universe U
m State Space S
m Variable Evaluation V : S x Ay — U

cS
For every atom a € Ag: For every program p € Ap:
m Atom Evaluation A(a) C S m Program Evaluation P (p) C S2

m Free Variables FV4(a) C Ay m Free Variables FVp (p) C Ay

What is a Dynamic Theory?
00@0000
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Semantics: Domains of Computation D

S Independence

m Universe U

m State Space S wlllllllll.
m Variable Evaluation V : S x Ay — U “
c HEENEEEABEBERR s

Atoms Programs

For every atom a € Ag: For every program p € Ap:

m Atom Evaluation A(a) C S m Program Evaluation P (p) C §2

m Free Variables FV4(a) C Ay m Free Variables FVp (p) C Ay

Additional Assumptions (formalized)

Free variables correct Free variables finite P extensional w.r.t. V

Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
(o] O 000000 (0]e) O00000 O O O
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Dynamic Theory: Formula Semantics

Atom Semantics Propositional Semantics

Dla] = A(a) D[-F] = S\ D[F]
D[F AN G] = D[F]nD[G]

<Dl

PP ‘.

e D[F] @< . | e D[F]

e o)

What is a Dynamic Theory?
000@000
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Dynamic Theory Proof Rules and Axioms

Challenge:
No general syntactic analysis of free/bound variables for formulas and programs

What is a Dynamic Theory?
0000@00
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Dynamic Theory Proof Rules and Axioms

Challenge:
No general syntactic analysis of free/bound variables for formulas and programs

Solution:
Semantic definitions for free variables FV A and bound variables BV 5 Platzer 2017

= Use any (syntactic) superset for proofs (e.g. FVp)

What is a Dynamic Theory?
0000@00
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Dynamic Theory Proof Rules and Axioms

Challenge:
No general syntactic analysis of free/bound variables for formulas and programs
Solution:
Semantic definitions for free variables FV and bound variables BV Platzer 2017
= Use any (syntactic) superset for proofs (e.g. FVp)
-9
G
ol
(V) ¢ —l[a]o (FVa (¢) NBVa (a) = 0)
(B) (Vv [a]o) < ([a]vv o) (v € FVa (a) UBVa (a))

(K) (le] (¢ = ¢) = (oo — [ay))

What is a Dynamic Theory?
0000@00
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Dynamic Theory Proof Rules and Axioms

Challenge:
No general syntactic analysis of free/bound variables for formulas and programs
Solution:
Semantic definitions for free variables FV and bound variables BV Platzer 2017
= Use any (syntactic) superset for proofs (e.g. FVp)
-9
G
ol
(V) ¢ —l[a]o (FVa (¢) NBVa (a) = 0)
(B) (Vv [a]o) < ([a]vv o) (v € FVa (a) UBVa (a))

(K) (o] (¢ = ) = ([o]o — [o]v))
(E) [a]o <« [Ble (for KAT equality o = )

What is a Dynamic Theory?
0000@00
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Instantiations of Dynamic Theories

m Propositional Dynamic Logic Fischer et al. 1977

m Differential Dynamic Logic (AFP formalization)
Platzer 2008; Bohrer 2017

m JavaDL (w/o formalized proof) Beckert et al. 2016

What is a Dynamic Theory?
00000e0

10/22 19.06.2026 Heterogeneous Dynamic Logic &‘(IT



Instantiations of Dynamic Theories

m Propositional Dynamic Logic Fischer et al. 1977

m Differential Dynamic Logic (AFP formalization)
Platzer 2008; Bohrer 2017

m JavaDL (w/o formalized proof) Beckert et al. 2016

Simpler Example

Assignments for semi ring expressions (e.g. N, Z or R):

y>0—-[x=2-y] x>0

What is a Dynamic Theory?
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Instantiations of Dynamic Theories

m Propositional Dynamic Logic Fischer et al. 1977

m Differential Dynamic Logic (AFP formalization)
Platzer 2008; Bohrer 2017

m JavaDL (w/o formalized proof) Beckert et al. 2016

Simpler Example Vi s

Assignments for semi ring expressions (e.g. N, Z or R):

| instantiated an
Isabelle Locale...

y>0—=[x=2-y] x>0 What is the use?

What is a Dynamic Theory?
00000e0
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Dynamic Theories: Overview

Dynamic Theory  First-Order
Structure

Calculus:
(G), (K), (V)

m Dynamic Logic Formulas m Programs
m Coincidence & Bounded Effect Lemmas m Free Variables & Extensionality
m Proven Axioms: G,K,V.B, E

What is a Dynamic Theory?
000000®
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Dynamic Theories: Lifting

Havoc Dynamic Theory  First-Order

Dynamic Theory Calculus: Structure

Calculus: (G), (K), (V)

(= *), (HR) (B), (E)

(= %) [: =*p Vv o Extended Language (r € \p):
A
(HR) ¢ for ¢ € Fmla
Fa= ¢ pi=r|Xx:=x%
Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Dynamic Theories: Lifting

Regular Havoc Dynamic Theory  First-Order
Dynamic Theory Dynamic Theory Structure

Calculus:
Calculus: Calculus: (G), (K), (V)

(7). ), (V), (= *), (HR) (B), (E)
(1), ("), (RR)

Proven Axioms (and many more) Regular Lifting

() [ 1(¢ — [a] @) = (¢ — [@7] @) Extended Language (r € Ap):
n ¢
RR for ¢ € Fml "
FR) Cea g 79 ° p.q:=r|?7(P)|pglpuql (p)
Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Dynamic Theories: Lifting

Natural Regular Regular Havoc Dynamic Theory  First-Order

Dynamic Theory Dynamic Theory ‘Dynamic Fheory Calculus: Structure

Axiom: (C) Calculus: Calculus: (G), (K), (V)
(7), (), (U), (= #), (HR) (B), (E)
ONOAGLE)

Proven Axiom Assumptions

Loop Convergence m Formula for “is positive”
m Formula for “is equal”
m Formula for “w is v plus one”

Lifting
[ Jo
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Semi Ring DL

Without Lifting

X>0ANy>0—=>[x=x+y]x>0

Lifting
oce
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Semi Ring DL

Without Lifting

X>0ANy>0—=>[x=x+y]x>0

With Lifting (Havoc + Regular)

X>0—=[(y=x?2(y>0);x=x+y))| x>0

Lifting
oce
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Combination

Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Dynamic Logic Combination: Overview

Dyn. Theory 1
Dyn. Theory 0

Combination
0@0000
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Dynamic Logic Combination: Overview

Dyn. Theory 1

Dyn. Theory 0
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Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Combination: Syntax & Semantics

Variables: A" = ADuAl)
Programs: ALY = ADUAL)

Combination
00@000

16/22 19.06.2026 Heterogeneous Dynamic Logic &‘(IT



Combination: Syntax & Semantics

Variables: A" = ADuAl)
Programs: ALY = ADUAL)
Universe: 1/ = 140 y4(1)

Combination
00@000
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Combination: Syntax & Semantics

Variables: A" = ADuAl)

. 01 0), - 1
Programs: /\SD ) — /\SD)U/\SD)
Universe: 1/ = 140 y4(1)
State Space: S(OV) = S0 x S(1)

Combination
00@000
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Combination: Syntax & Semantics

Variables: A" = ADuAl)

. 01 0),- a1
Programs: /\SD ) — /\SD)U/\SD)
Universe: 1/ = 140 y4(1)
State Space: S(OV) = S0 x S(1)
Variable Evaluation by origin:

0
V(m) ((Iu(o) ILL(1)) V) _ V(O) <:LL(O)’ V) V & /\(\/)
)Y TV (10,0) v e AD

Combination
00@000
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Combination: Syntax & Semantics

Variables: A" = ADuAl)

. 01 0),- a1
Programs: /\SD ) — /\SD)U/\SD)
Universe: 1/ = 140 y4(1)
State Space: S(OV) = S0 x S(1)
Variable Evaluation by origin:

0
V(m) ((Iu(o) ILL(1)) V) _ V(O) <:LL(O)’ V) V & /\(\/)
)Y TV (10,0) v e AD

Atom Evaluation: By origin + Additional atoms for combined state space

Combination
00@000
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Combination: Syntax & Semantics

Variables: A" = ADuAl)

. 01 0),- a1
Programs: /\SD ) — /\SD)U/\SD)
Universe: 1/ = 140 y4(1)
State Space: S(OV) = S0 x S(1)
Variable Evaluation by origin:

0
V(m) ((Iu(o) ILL(1)) V) _ V(O) <:LL(O)’ V) V & /\(\/)
)Y TV (10,0) v e AD

Atom Evaluation: By origin + Additional atoms for combined state space
Program Evaluation for p(®) ¢ A(©):

((Nm), Mm) | (g<0>70(1>>) c p(01) (pm) iff (M(og(,w)) c PO (p(m) and ) = () 0"

Combination
00@000
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Dynamic Logic Combination: Overview

Dyn. Theory 1

Dyn. Theory 0
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Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness HDL Example Conclusion
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Dynamic Logic Combination: Overview

Combined
FOL

Dyn. Theory 1

Dyn. Theory 0
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Dynamic Logic Combination: Overview

Combined
FOL

Dyn. Theory 1

Dyn. Theory 0
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Dynamic Logic Combination: Overview

Combined
FOL

Dyn. Theory 1

Dyn. Theory 0

Regular Havoc

>
—
(@)
()
=
l_
c
>
o
n
>
(@)
()
c
()
(@)
(@)
S
Q
-
()
I
Qo
Q
£
)

Motivation Contribution What is a Dynamic Theory? Lifting
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Combination: Calculus Rules

-
(HRO) AfO) gb for Q§ c leA(O)
FA @
-
(HR1) Al ¢ for gb - leA(1)
=A@
Combination
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Combination: Calculus Rules

'_
(HRO) l_A(O) gb for Q§ c leA(O)
AP
|_
(HR1) |—A(1) ¢ for gb - leA(1)
AP
Derivable:
(FO) (v — [a]€) = (6 A — [a] (6 A €)) for a € A, ¢ € Fml,
Combination
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Dynamic Logic Combination: Overview

Regular Havoc

Motivation
00 0)
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Combined
FOL

Dyn. Theory 1

Dyn. Theory 0

What is a Dynamic Theory? Lifting
0000000 00

Heterogeneous Dynamic Logic

y )y =2ly>0
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Combination Relative Completeness HDL Example Conclusion
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Completeness

Can | prove all valid formulas with this calculus?

Relative Completeness
®
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Relative Completeness

Can | prove all valid formulas with this calculus?

Relativity Assumption:
Oracles for modality-free formulas

Relative Completeness
®
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Relative Completeness

Can | prove all valid formulas with this calculus?

Relativity Assumption:
Oracles for modality-free formulas

Key Result

Relative completeness preserved by lifting/combination
(under reasonable assumptions)

(Pen and Paper Proofs Only)

Relative Completeness
®
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Heterogeneous Dynamic Logic: A first example

p<s
ot ey, 8

Approach:
Heterogeneous Theory over JavaDL & d L
with predicates toReal and round

m Controller: Java
m Environment: Hybrid Program

HDL Example
o
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Heterogeneous Dynamic Logic: A first example

p<s
ot ey, 8

Approach:
Heterogeneous Theory over JavaDL & d L
with predicates toReal and round

( Java_pre A ) — {( ctrl();actuation; env; sensor)*}p <S
—~—

m Controller: Java
m Environment: Hybrid Program

dl_pre A coupling N
JavaDL dl
Ja\ﬁDL
actuation = a = x; ?(toRea/(a* 100,7chis : aCE))
——

dl

HDL Example
o
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Heterogeneous Dynamic Logic: A first example

p<s
ot ey, 8

m Controller: Java Approach:

m Environment: Hybrid Program with predicates toReal and round

( Java_pre A ) — {( ctrl();actuation; env; sensor)*}p <S
—~—

dl_pre A coupling N
JavaDL dl
Ja\ﬁDL
actuation = a = x; ?(toRea/(a* 100,7chis : aCE))
——

dl

Proof relies on JavaDL & d. guarantees derived in KeY & KeYmaera X

HDL Example
o
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Conclusion

m Dynamic Theories

Conclusion
°
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Conclusion

- -
. Dy n a m I c I h eo r I es Natural Regular Regular Havoc Dynamic Theory  First-Order

Dynamic Theory Dynamic Theory Dynamic Theory Calculus: Structure

Axiom: (C) Calculus: Calculus: (G).(K).(V)
2).(;). (U = %), (HR)

(B):(E)

m Lifting

Conclusion
°
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Conclusion

m Dynamic Theories
m Lifting
m Combination: BYOP

Natural Regular Regular Havoc
Dynamic Theory Dynamic Theory Dynamic Theory

Dynamic Theory

Calculus:
(G).(K).(V)
(HR) (B):(E)

Axiom: (C) Calculus: Calculus:
7 N

@00 | =
(1). 0, (RR)

Motivation Contribution What is a Dynamic Theory? Lifting
00 o 0000000 00
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Conclusion

m Dynamic Theories
m Lifting

m Combination: BYOP
m Relative

Natural Regular Regular Havoc Dynamic Theory  First-Order
Dynamic Theory Dynamic Theory Dynamic Theory Calculus: Structure
Axiom: (C) lus: Calculus: (G).(K).(V)
(=), (HR) (B).(E)
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Completeness Regular ' Havoc
Motivation Contribution What is a Dynamic Theory? Lifting Combination Relative Completeness
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Conclusion

Dynamic Theory Dynamic

- -
m Dynamic Theories
ic Theory Dynamic Theory
C

Axiom: (C) Calculus:

M.6). (L),

m Lifting
m Combination: BYOP

m Relative
Completeness

m Case Study

Motivation Contribution What is a Dynamic Theory?
00 O 0000000
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Future Work

m More logics and case studies
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The Many Uses of Dynamic Logic

There exist a multitude of dynamic logics for verification of systems:
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The Many Uses of Dynamic Logic

There exist a multitude of dynamic logics for verification of systems:
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Many Properties can be formalized as Dynamic Logic formula

¢ = o] ¥ ¢ = (@)Y
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The Many Uses of Dynamic Logic

There exist a multitude of dynamic logics for verification of systems:

m Abstract State Machines Schellhorn et al. 1997
m JavaDL Beckert et al. 2006
m Differential Dynamic Logic Platzer 2007
m Unstructured Dynamic Logic Ulbrich 2013
m RustyDL Drodt et al. 2026

Many Properties can be formalized as Dynamic Logic formula

¢ — [a] o — () ¢ — [a] (B)coupling Vlow dres Vhigh (a) (low = res)
Safety Liveness Refinement Information Flow
Ulbrich 2013 Darvas et al. 2005
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Simulation of validity for Al)-formulas

Corollary

Let A be a Heterogeneous Dynamic Theory over Dynamic Theories A©. A" and let P be a

A -formula. A
P is AU -valid iff P is A-valid.

This allows us to reuse the calculi for the individual logics!
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Meta Properties of Dynamic Logics

Fin(A) Finite Support
FolExp(A) FOL Expressiveness
God(A) Godel Expressiveness
FolRelCom(A) Relatively complete w.r.t. box and diamond formulas
Re/Com(A) Relative Completeness
Co(A) Communicating heterogeneous dynamic theory

ability to pass integer-like values between theories

Backup
000@0

30/22 19.06.2026 Heterogeneous Dynamic Logic &‘(IT



Meta Properties of Dynamic Logics

Fin(A) Finite Support
FolExp(A) FOL Expressiveness
God(A) Godel Expressiveness
FolRelCom(A) Relatively complete w.r.t. box and diamond formulas
Re/Com(A) Relative Completeness
Co(A) Communicating heterogeneous dynamic theory

ability to pass integer-like values between theories

Backup
000@0

30/22 19.06.2026 Heterogeneous Dynamic Logic A\‘(IT



A Calculus of Relative Completeness

By Definition: Results for Havoc Lifting:
FUZExp (A) —Fin (ﬂ) Fin (A) —Fin (A:*)
Theorem B.1: God (M) ﬁGﬁd(A:*)

Results for Regular Program Lifting;:
Fin (A) =Fin (A™®)
God (A) = God (A™®)
God (A) A FolExp (A) = FolExp (A™¢®)
God (A) A FolExp (A) A RelCom (A) = FolRelCom (A™®)

Results for Heterogeneous Dynamic Theories:
Fin (A(O)) A Fin (A“)) ==Fin (A(m))
God (A) A God (™)) A Co(AV) =God (A

FolExp (A(O)) A FolExp (A(l)) A Co (A(m)) :)FolExp( )

( FolExp (A©) A RelCom (A©) A

(01)
FolExp (A(”) A RelCom (A(l] A Ca 01) ) :>FOZREICom A )

FolExp (A) A FolRelCom (A) ==RelCom (A) FolExp (A) =>FolExp (A="
RelCom (A) =>FolRelCom (A™")  Lemma B.7

)

Lemma B.5
Lemma B.5

Lemma B.6

Lemma B.9
Lemma B.9
Lemma B.10
Lemma B.11, B.12

Lemma B.4
Lemma B.13

Lemma B.14

Lemma B.15, B.16
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Key Result

Relative completeness preserved by
lifting/combination
(under reasonable assumptions)
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